© * , 
5 4 ; V 
Aa 7 : 
3 k 
| & ; 7 


JM 


OF THE 


FIRST SIX BOOKS 


O F 85 0 


EUCLID's ELEMENTS. 


1 bp 
WILLIAM AUSTIN, M. A. 
FzIIOwW or WADHAM Coli ze, Ox ro. 
OXFORD: 
PRINTED FOR D. PRINCE AND J. COOKE, 
| _ - $0LD BY J. r. AND c. RIVINGTON, LONDON. : 
= To _ 

9 | (Price 2s 6d) 


T0: 

JOHN SMITH, M.D. 
SAVILIAN PROFESSOR OF GEOMETRY 
IN THE UNIVERSITY OF OXFORD, 
WS. 8 1 
THIS EXAMINATION 
or THE FIRST SIX BOOKS 


n= 


OF 


aucli 1 
IS VERY RESPECTFULLY INSCRIBED, 
BY 5 

Hs wan OBLIGED, AND 


— 


VERY HUMBLE SERVANT 


5 


TRE AUT H OR, 


"FT * WS A e Let as ot - { r A 11 OI e K FT 
* 7 ? 6 | 
| % 
® 
* 
= 
- 
* 
* 
o 
S - 


© i 
* . ö 
e J 
bY 
7 
A 
7 
5 { 
1 
4 
* 4 J by 
* ; 
* 
* \ 
& l 1 
= mY * . 
% 
. 
© - 1 * 
1 
% * 
\ 
. 
5 - 
. 
: ” 
* 
» 4 : 
-- F 
- 
= - * * a 
bo 
* 4 8 
. 
« 
* 
1 
* 
5 - 
) 
. 
M » $£ 
* F $ 
2 — : 
Pl 
. 
— 
- . 
1 
* 
; 5 4 * g 1 
* * ? 


— — 


— * 


i 


a we + . : N \ : 7 
1 - * 2 r g ; f : 2 S * 


mo E following examination * the firſt 
ſix books of Euclid's elements is only 

a {mall effort- towards a Plan for acilitaging 

the ſtudy of n. I 


No method ever propoſed on this ſubje& 
has been ſo much approved of as the elements 

of - Euclid, nor has any other ſcience afforded 
a more perfect example of abſtracted reaſon- 
ing; this ſyſtem therefore muſt be eſteemed 
the beſt model we can follow. Vet let it not 


be thought preſumptuous to offer improve- 
ments upon it; let it be remembered that the 


works of great men are often in ſome parts 


_ imperfe&a, and leave room for inferior talents 


to correct and improve them. 


| by, 1 one pita in the elements, in 


which the admirers of | Euclid have all. ac- 


knowledged that he failed. In the theory of 
parallel lines he ſeems to have forgotten his 
own principles of realcnun 85 and many other 

V geo- 


en 


geometricians, falling into the fame error, 
have treated that ſubje& with no better 
ſucceſs. 


Beſides, we muſt expect to find ſome inno- 
vations in a work, which, for the ſpace of 
two thouſand years, has been conſtantly in 
the hands of teachers in this ſcience ; who 
had the beſt opportunities to diſcover its 
faults, and the ſtrongeſt temptations to add, 
to alter, or to abridge. That this has often 
been done, even by the Greeks, has been 
long ſuſpected; and will appear very evident- 
ly from ſome parts of the following examina- 
tion, where the innovator will be ſhewn not 
to have imitated with ſufficient care the chaſte 
language of the original author. It is not 
impoſſible, that ſome faults may have been 
_ corrected ; certain it is, that no inconſidera- 
ble number has been committed 1 the ſuc- 
ceſſors of Euclid. 


The propenſity of men to attempt emenda- 
tions of works which they have long conſi- 
dered, and of whichethey think themſelves 
maſters, is ſufficiently proved by the various 
additions and interpolations which have crept 

into the modern commentaries and tranſlati- 
ons of Euclid. Yet upon the whole it does 
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not appear that this ſcience is much indebted 
to theſe innovations: and as the elements 
now ſtand, it is rather to be regretted that 
they ſhould always be read in tranſlations; 
or that the tranſlations 0 not approach nearer 
to the ori iginal. 


** 


But it is not ſo eaſy to detect or to avoid 


the corruptions made in the original language. 


The writings of Euclid upon other ſub- 
jets, and of the Greek mathematicians, who 
were cotemporary with, and ſubſequent to 
him, are the only. guides; on which we can 
rely, for - ſome centuries after our author. 
The elegance of the ancient mathematicians, 


the peculiar delight of the Greeks, though 


leſs regarded in the preſent age, will render 


an attentive peruſal of them both an entertain- 
ing and uſeful employment. 


The demolition of the A library 
in the ſeventh century, has not proved ſo un- 
favourable to Euclid, as to Grecian literature 
in general. The Arabic verſions of his ele- 
ments may be compared with the Grecian co- 
pies, and afford a good criterion of the altera- 
tions they have 2 ſubſequent to that 


event. 
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It is not preſumed that this examination is 
in any degree a perfect execution of the plan 
here propoſed. The author is conſeious of 


his own inſufficiency for ſuch a work; and 
would wiſh to have better qualified himſelf by 
a longer perſeverance in theſe purſuits. But 


ements of a different nature oblige him 
to deſiſt from an undertaking, which he 


thinks worthy the attention of ſome perſon 
of more leiſure, learning, and abilities. 
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DEFINITIONS. 


DxF INIT. I. - HMEION , u pitpos FP an - 
„is no Part; 1. e. which 
cannot be parted or divided ; 
as it is interpreted by Proclus, Ate vi outer o q- 
wires ir auty deff: And likewiſe by Tartalea in his 
Note upon this Definiton, © Il Punto è quello, che 
non ha parte alcuna; cioe, quello del quale non fi 
e puo tuoglier, ne trovar, ne anchora imaginar la 
* mettade, over 1] terzo &c.” — Theon, the 
Smyrnean, and after him ſeveral of our modern 


Tranſlators have interpreted it thus; A Point is 


&« that, which has no Parts, or Magnitude:- Which 


I do not think either fo rational or ſo intelligible as 


the original Definition. 
. DexiniT. 


Point is that, of which there 


Corners ape eh 
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2 AN EXAMINATION 


DEeFIiNIT. 4. EvuSte nrappy tom, wris tov Tus is — 
taums onutiug Nr.. A ſtraight Line is that, which 


lies upon an Equality between it's Points.“ 


The Word equal is no where explain'd in the 
original Elements of Euclid: The Reaſon of this 
Omiſſion will be ſeen, when we come to examine 
the Axioms, But agreeably to the common Ac- 
ceptation of this Word, Magnitudes, which coin- 
cide or fill the ſame ſpace, are ſaid to be equal, and 
in no other Signification is this Word employ'd 
throughout the Elements of Geometry. K* it 
therefore have the ſame Meaning in this Defini- 
tion; and let ſtraight Lines be thoſe, which coin- 
„ cide between their Points.“ — It may be aſked, 
why was it not expreſſed, that “ ſtraight Lines 
« which coincide in two Points ſhall coincide in 
« every Point?” Evidently, that their Direction 
might not be confounded with their Quantity : for 


it might be inferred from ſuch a Definition, that 


all ſtraight Lines, which coincide in two Points are 
equal. The Author therefore prudently expreſles- 


| himſelf, that they are upon an Equality or Coin- 


cidence between their Points, or that ſtraight Lines 


are thoſe, which, if they coincide in any two Points, 


ſhall coincide between thoſe Points. But as this 
Definition has ſeldom been properly underſtood, 
which is a Proof, that it is not ſo clear as a Defini- 
tion ought to be; and as it does not expreſs in it's 


full Extent that property of ſtraight Lines, which 


it was intenged to explain, it would perhaps be 
better thus; © Straight Lines are thoſe, which, if 
ce they coincide in any two Points, coincide as far- 
* as they are produced. 5 4 


That Property of ſtraight Lines contained in the 


oth Axiom, namely, That two > ſtraight Lines 


cannot 


OF E UCL» 3 
cannot encloſe the Space,“ is evidently implied 
in this Definition, for if they encloſed a Space, they 
could not coincide between their Points. We have 
Proclus's Teſtimony, that this Axiom is not Eu- 
elid's, nor conſiſtent with the Nature of an Axiom. 
— From the above Definition of a ſtraight Line 
follows another Maxim in Geometry, that two 
Points fix a ſtraight Line, Tov TeedaTHY usvo ly N auTH 
ue; Which is the Foundation of the 1ſt and 2d 
Poſtulates. Hence ſtraight Lines, which are proved 
to coincide in any Number of Points, are called 
one and the ſame Line.” Prop. 14. Book I. or, 
which is the ſame Thing, that ** two ſtraight Lines 
cannot have a common Segment ;” which is Sim- 
| ſon's Corollary to Prop. 11. B. I. 


DEriIN Ir. 7. Emm *mpaveia. g, uns tic TUas Ty 
teums wins kerl. A plane Surface is that, which 
lies upon an Equality with the ſtraight Lines in 
* it;“ in other Words, A plane Surface is that, in 
which the ſtraight Line joining any two Points, lies 
wholly in it : which is perhaps ſomewhat more in- 
telligible than a literal Tranſlation. Jn this Defi- 
nition, as alſo in that of a ſtraight Line, the Author 
of the Elements by Equality means Coincidence. 


The Definitions of a ſtraight Line and a plane 
Surface being thus underſtood, the firſt Propoſi- 
tion of the 11th Book, viz. That one Part of a 
ſtraight Line cannot be in a Plane and another 
above it, will be found to be totally unneceſſary : 
and that it was originally not in the Elements of 
Euclid, we have very ſtrong preſumptive Proof from 
Proclus ; who, ſpeaking of Euclid's Definition of 
a ſtraight Line, deduces from it, as an obvious Pro- 
perty, © on ue her un tov aurrus i vnReig , 
& wor os ty prrweTire.” A partial Commentator of 
Euclid cannot be ſuppoſed 1 differ thus * 

i 2 the 


? 


priety be aſſumed in this Definition. 


4 AN EXAMINATION 
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the leaſt Intimation of it from his Author, and 
confidently to aſſert, as a Property obviouſly im- 
plied in a Definition, what Euclid had thought 
proper to explain by a Demonſtration. It is pro- 

able therefore, that this unneceſſary Propoſition 
was inſerted by ſome later Commentator, who did 
not underſtand theſe Definitions of Euclid. The 
Demonſtration given of it is a very lame one, and 
has juſtly been objected to. Conſcious of it's De- 
fects, Simſon has added a Corollary to Propoſition 
11. Book I. purpoſely to complete that Demon- 


ſtration. But his Corollary is contained in the De- 


finition of a ſtraight Line, and the Propoſition it- 


ſelf in that of a plane Surface. 


Dze1iniT..8. * A Plane Angle is the Inclination 
* of two Lines to one another in a plane, which 


meet together, but are not in the ſame Direc- 
* tion.“ The general Definition of an Angle has 


been often objected to: The Expreſſion in Whiſ- 
ton's Edition, but are not in the ſame Line,” is 
certainly more proper: though I think it would 
be more intelligible to Learners, if it were expreſſed 
thus, A Plane Angle is the Inclination of two 
<« Lines to one another in a plane, which meet in 
ce one Point only.” That the Extremity of a Line 
is a Point, and that the Interſection of Lines, which 
make Angles, is a Point, is every where ſuppoſed 
in the Elements, and may therefore with great pro- 


Dzrixrr. 29 — 33 incluſiyely are very excep- 
tionable. It cannot be admitted as a Definition, 
that all the three Angles of a Triangle are acute, 
which is ſuppoſed in the 29th Definitian, The An- 
gles of a Triangle muſt be compared with right 
Angles, before we can aſſert, that they are all leſs 
than three right Angles, The Definitigns of qua- 


drilateral 
5 


9 


— 


PFF = 


drilateral Figures, which follow, are liable to the 
ſame Objections. In the Definition of a Square, it 

is aſſumed, that all it's Sides are equal, and it's An- 
gles right Angles: it might with the ſame Pro- 
priety have been ſaid of an equilateral Triangle, 
that it's Sides and alſo it's Angles are equal to 
each other. But a ſtill more eighty Objecton to 
theſe Definitions is, that they are altogether un- 
neceſſary, As Savile himſelf confeſſes in his 7th 
Lecture, · Nec diſſimulandum aliquot harum in 


*A 33 


© manibus exiguum eſſe uſum in Geometria, 


DErixrr. 35. * Parallel ſtraight Lines are ſuch 
as are in the ſame Plane, and which being pro- 
duced ever fo far both Ways do not meet.” We 
ſhall examine this Definition, when we come to the 
I2th Axiom. 8 . 
T has often been queſtioned, whether Demon- 
] ſtrations might not be found of the Axioms of 
uclid. It was Ariſtotle's opinion, that there are 
certain Principles in Science called Axioins, which 
are not demonſtrable. But this opinion ſeems to 
have been ſuggeſted to him by a Matter of Fact 
the Axioms in Geometry having never been de- 
monſtrated in his Time. For in another Place he 
makes this general Obſervation, “that he, who 
* would attain to Knowledge by Demonſtration, 
* ſhould not only have a more perfect Knowledge 
of, and fuller Confidence in, the firſt Principles, 
* than in the deductions from them &c. But the 
e firſt Principle of a Demonſtration is an immediate 
e Propoſition, but that Propoſition, is immediate 


+ P. 12: Vol. I. of Dy Val's Ariſtotle. 
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'6 AN EXAMINATION 


e robich cannot be farther reſolved,” ns un «9 #20» apo- 


e 74a. Ariſtotle does not give us a very accurate 


and ſatisfactory Idea of an immediate propoſition, 
but ſo far he is perfectly clear, that no Propoſition, 
can be admitted as a firſt Principle of reaſoning, 
which is capable of being demonſtrated : and 


therefore if Demonſtrations can be found of the 


Axioms of Geometry, they are not firſt Principles, 
and ſhould not be taken for granted. In the 2d 
Caſe of Prop. 20. B. III. we are required to allow, 
that if a Magnitude be double of another, and 
a part taken from the firſt be double of a Part 
* taken from the ſecond, the Remainder of the 
<« firſt ſhall be double the Remainder of the ſe- 
* cond,” which is preciſely a Caſe of Prop. 5. Book 
V. In the Doctrine of Proportion every thing is 
ſcientifically demonſtrated; in the Subſtitutions and 
Tranſpoſitions of the Quantities of Equations, by 
the Addition and Subſtraction of Magnitudes, every 
thing is taken for granted under the Name of 
Axiom. Shall we not then render an eſſential Ser- 
vice to the young Geometrician, if we can point 
out to him, to what Principle theſe Axioms may be 
referred ? 


The firſt and moſt ſimple Idea upon this SubjeR, 
(which we learn from Experience) is, that every 
Magnitude fills a certain Space; we find likewiſe 
from the moſt common Obſervation, that ſeveral 
Magnitudes may fill the ſame Space. Theſe are 
Ideas which we cannot derive but from Obſerva- 
tion; and they are founded upon indubitable Facts, 
which are the only Baſis of ſcientifical Knowledge. 


In this Manner we come by our Idga of Equa- 
lity; which is thus explained in Geometry, Equal 
* Magnitudes are thoſe, which coincide or fill the ſame 
Space. Call this a ſelf-evident — 

What 


OF EUCLID. 3 


what you pleaſe, it is really nothing more than a 
Definition of a Word; the Subject and Predicate 
of which both expreſs the ſame thing in different 
Terms, and therefore admit no middle Term. 


This Definition, which has generally been placed 
among the Axioms of Euclid, was inſerted there 
by ſome later Geometrician. Euclid's Axioms, ac- 
cording to Proclus, are common Notions, « Tx yous- 
Teng dhe not peculiar to the Subject of Geome- 
* try.” Now the Definition of Equality is purely 
eometrical; and herein conſiſts the principal Ad- 
vantage, which Geometry has above the other ma- 
thematical Sciences, whoſe Equations have not yet 
been explained in ſo accurate and ſcientifical a 
Manner. Other Branches of. Knowledge are till. 
more remote from perfect Demonſtration : Some 
very ingenious Men have indeed ſuppoſed, that theſe 
may be brought to the ſame perſpicuity ; but we. 
do not find their hopes grounded upon any other 
Foundation than a common-place Idea, that no Li- 
mits can be preſcribed to future Reſearches. 


The Definition of Equality being thus confined 
to Geometry, we muſt endeavour to fix the Place, 
which it ought to hold among the Definitions. 
The Definitions of a Point, Line and Surface, which 
explain the Subject Matter of our Reaſoning, muſt 
undoubtedly come firſt: and immediately after 
them, I think, that of Equality; For we find the 
ſtraight Line, the plane Surface, the right Angle, 
the Circle, the equilateral, equiangular and iſoſceles : 
Triangles, the regular four Sided Figures, in ſhort, 
every ſpecific Definition referred to this univerſal 
Principle; and with Regard to a few more general 
Definitions, which do not furniſh an Equation, we 
ſhall find, that ſome Hypotheſis is always made re- 
ducing them to that Principle, before any Theory 
3 
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5 AN EXAMINATON 


is built upon them. The firſt Example of whick 
will be found in Prop. 4. Book I: and many more 
in the Courſe of the Elements. —That we may in- 
. troduce as little Confuſion as poſſible in the Ar- 
rangement of the Elements, let the Definition of 
Equality be called A; the original ones all retain- 
ing their formet Numbers and Order. | 


It now only remains to ſhew, that this Definition 
is the Teſt or middle Term of the Axioms of Eu- 
clid: In which ſhould we ſucceed, it will be al- 
lowed, that the firſt Principles in Geometry are not 
arbitrary Aſſumptions; and that Requiſition of 
Ariſtotle will be fully anſwered, that the firft 


Principles ſhould be better known than the De- 


<« duftions from them.“ 


Axiom I. Magnitudes, which are equal to one 
ce and the ſame, are equal to one another.” Being 
equal to one and the ſame they fill the ſame Space 
(Def. A), therefore they are equal to one another. We 
find in Proclus, that Apollonius gave this ſame De- 
monſtration of this Axiom: to which Proclus ob- 
jects for two Reaſons, firſt, becauſe it is not manifeſt, 
that equal Things fill the fame Space; and 2dly, 
that if they fill the ſame Space with one and the 
ſame, it does not follow that they fill the fame 
Space with one another. I ſhould be ſurprized to 
find ſo ingenious a Writer doubting, whether a 
given Space is equal to itſelf, were it not evident, 
that Proclus's Objections aroſe from his too great 
partiality to Euclid, who never gave any Definition 
of Equality. We are —_ Ramus in his Proce- 
mium Mathematicum p. 406, that Regiomontanus, 
after the Example of Apollonius, demonſtrated the 


Axioms of Euclid. 
In 


% AGAR. 


In the ſix following axioms are laid down the 
principles of the addition and ſubſtraction of 
magnitudes, which, together with the preceding 
axiom, corrreſpond with the rules of the moſt ſimple 
tranſpoſitions and ſubſtitutions in algebra. I will 
endeavour to demonſtrate the iſt. of them, from 
which the reſt eaſily follow. 


Axiom 2, If equal magnitudes be added to 


e equal magnitudes, the wholes are equal.” Equal 


magnitudes fill the ſame ſpace (def. A), and be- 
ing added to equals magnitudes, which fill the ſame 
Space, the wholes fill the ſame Space, therefore 
they are equal (def. A). The next, viz. If equal 
* magnitudes be taken from equal magnirudes” &c. 
may be demonſtrated almoſt in the ſame manner; 
as may alſo the two ſucceeding ones. The two laſt, 
namely, Magnitudes, which are doubles of the 
* ſame, are equal to one another ;” and © Magni- 
 rudes which are halves of the ſame &c.“ are par- 
ticular caſes of 2. and 3. All the axioms in book V. 
are the additions of modern geometricians, and are 
contained in 2. and 3. of book I. 


Axiom 9. © A whole is greater than it's part.” 
The demonſtration of this evidently follows from a 
definition of the word. greater, which may be ſub- 
joined to that of equality, viz. A greater magnitude 
is that, which fills more ſpace than another magnitude. 
Hobbes, Element. Philoſoph. part. 2. cap. 8. has 
choſen this axiom as an example to prove, that 
Euclid's axioms are demonſtrable. | 


Axiom 10. Two ſtraight lines cannot cio 
da ſpace.” This is e in the definition of 


ſtraight lines. 


Axiom 11. Which in ſome copies is ; poſtulihe: 4. 
* All right angles are equal to one another.” This 


has been demonſtrated by Proclus. 
Axiom 


* 
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10 AN EXAMINATION 


Axiom 12. which is ſometimes called poſtu- 


"late 3. If a ſtraight line meets two ſtraight lines, 


c ſo as to make the two interior angles on the 
<« ſame fide of it taken together, leſs that two 
right angles, theſe two ftraight lines, being 
« cantinually produced, ſhall ut length ineet on 
that ſide, on which the interior angles are leſs 


than two right angles.“ 


« Th pulcherrimo geometriæ corpore duo ſunt 


cite das leben, nec quod gam plures; 'prio 
_ ©<e'eft hoc poſtulatum;” theſe are the words of Savile 


in his 7 lecture. The Greek commentator expreſſes 
himſelf as follows, It can with no degree of 
« propriety be placed among the poſtulates; for 
© it is a theorem admitting of many doubts, fo 
<« ſolve which Ptolemy even undertook a book 
upon that ſubject; the demonſtration of it re- 
* quiring many definitions and theorems: and 
* indeed Euclid himſelf demonſtrates it's converſe 
«as a theorem. Some have thought proper to 
te call it a"poſtulite, becauſe the diminution of the 
angles furniſhes a probability, that the lines will 


meet; to which Geminus juſtly replied, that we 
s are to pay no regard to probable appearances in 
s conſidering geometrical proofs,” Again, continues 


* Proclus, ſuppoſing it evident, that the lines 
te even approached to each other, it by no means 
follows, that they will meet, though it is proba- 
6 ble; for there are lines, which are demonſtrated 
to approach continually to each other, and never 
* to meet, which is improbable, and even para- 
« doxical. It is manifeſt 'therefore, that a demon- 
* ftration of this ſhould be ſought, and that is has 
the property of a poſtulate.“ The ſame argu- 
ments prove likewiſe, that it cannot be an —_ | 


... AF SELAS. 
if by axiom be meant a ſelf. evident propoſition, 
as is, now generally ſuppoſed. y "JOY 


Doctor Simſon has attempted a demonſtration of 
this propoſition ; in which, after two definitions, he 
aſſumes as an axiom, that A ſtraight line can- 
tc not firſt come nearer to another ſtraight line, and 
t then go further from it, before it cuts it; and, 
« in like manner, a ſtraight line cannot go fur- 
ether from another ſtraight line, and then come 
« nearer to it; nor can a ſtraight line keep the 
te fame diſtance from another Ir line, and 
<* then come nearer to it, or go further from it, for 
« a ſtraight line always keeps in the ſame direc- 
<« tion.” That a ftraight line always keeps in the 
ſame direction, is not a geometrical proof of the 
properties he aſſumes: what Proclus objefted a- 

gainſt the propoſition itſelf, wilt with equal pro- 

riety apply to this axiom. — Clavius made the 
ame attempt with no better ſucceſs. Dechale has 
propoſed a different axiom, which is as exception- 
able as the original one. | 0 


In geometry, as in algebra, there is no reaſoning 
but by equation: and ſome quantities evidently 
muſt be given, or ſuppoſed to be known, either 
abſolutely, or in ratio, before an equation can be 
made. For a proof of this I refer to the elements. 
In the 4 firſt books there is no ſingle propoſition, 
whether it relates to the inclination of lines, con- 
ſtruction of figures, or any property of them 
whatſoever, but it is proved, or done by the equa- 
_* lity or inequality of certain lines, 1 or 

ſpaces. So likewiſe the whole theory of ratios; 
the geometrical principles of which are contained 

in def. 5. of the 5th book; which refers to the 
notions of greater, equal, and leſs for the teſt 
and meaſurè of proportion; and thereupon de- 

| Se By - "me 
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pends the whole doctrine. In treating of the 
definition of equality, I ſhewed, that all” the ſpe- 
cific defininions in the 1ſt book are determined by 
the ſame principle; and thoſe general ones, which 
were expreſſed without it, muſt always be reduced 
to it by ſome hypotheſis, before they * the 
ſubject of reaſoning. | 


For the knowledge, we have of magnitude, is 
purely relative, and the moſt ſimple relation is that 
of equality. With this idea in common life we 
arbitrarily fix upon any magnitude, as a common 
meaſure, to which we refer other magnitudes by 
immediate application, and by which we expreſs 
their quantity. Quantity therefore is nothing more, 
than the relation of magnitudes to fome given 
thing, which is . upon, and thence ſuppoſed 
to be known 


In ſcience likewiſe, however our compariſons 
may be aſſiſted and extended by the modification 
of ſpace, they are all founded upon equality. An 
hypotheſis or definition is taken as a teſt or com- 
mon meaſure; other magnitudes are compared 
with that one, by ſhewing their poſſible or actual 
coincidence : and the only difference is, that in 
ſcience we have certain contrivances to diſcover 
various equalities, or coincidences, without imme- 
diate application; and thereby to extend our re- 
ſearches. 

Thoſe therefore, who attempted to inveſtigate 
the properties of parallel lines from the original 
definition, failed, becauſe they attempted an im- 
poſſibility. They began with wrong, or rather 
without any, principles : that definition being 
only a vulgar ; and inaccurate conception ; contain- 
ing no given finite quantity, and furniſhing no 

meaſure 


OP .EBUCLED. TY 


meaſure or ſtandard, from which an equation 
might be made. What could be expected from 
ſuch a definition in a ſcience, all whoſe axioms 
expreſs nothing but equations ? — In geometry, 
properties of figures muſt be deduced trom quan- 


tities, upon which our knowledge of them de- 


pends : unfortunately, in the doctrine of parallel 
lines, a property, namely, that they never meet, 


has been aſſumed, and from that many unſucceſsful 


attempts have been made to diſcover quantities; 
as we find in the 29th prop. of the iſt book. What 
could not be demonſtrated, was therefore taken 
for granted, and became the axiom, or poſtulate, 
of which we are now treating, 


Hence it appears a priori, that the doctrine of 
parallel lines can never be made perfect, ſo long 
as the preſent definition remains. Take a proper 


definition, and you will find this ſubject as clear as 


any in the elements of geometry. 


Dern; B. Parallel ſtraight lines are ſuch, as 


are in the ſame plane, and upon. which a ſtraight 


line falling makes the alternate angles equal. 


Let the ſtraight 


line EF fall upon 
the” magnet Tines A. "NG 
AB, CD; the angles © 


AGH ard GHD 


are called alternate 


angles; as alſo the F * | 5 


angles BGH and 
GHC. 

Here we have an 
equation given, from 


which the whole doctrine of en, lines will be 


deduced. 80 in the definition of a circle, certain 
0 lines 
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lines are ſuppoſed equal to one another, and from 


them all the properties of the figure are demon- 


ſtrated. The ſame may be ſaid of every other geo- 
metrical theory. 


But, I believe, none of the expreſs, axioms of 
Euelid will be thought more to require a demon- 
ſtration, than the aſſumption in book III. above 
mentioned, which has hitherto been tacitly acqui- 
eſced in. viz. If a magnitude be double of ano- 
< ther, and a part taken from the firſt be double of 
4 2 part taken from the ſecond, the remainder of 
6 2 firſt ſhall be double the remainder of the 
* ſecond.” 


Let AB be PUPPY of CD, 
and let AE, a part of AB, be A 
double of CF, a part of CD, | 


be double of FD, the remain- El 
der of CD. 


the radius CF, defbribe the 
circle FKG ; produce FC to B. 


is double of FC (def. 15); 
but AE is double of FC, therefore FG i is equa] 
to AE (ax. 6). Again, about the center D, with 
the radius DF deſcribe the circle FLH, and pro- 
duce FD to H; FD, DH, that is, FH is double of 
FD (def. 15.) And becauſe CF is equal to CG, 
and DF to DH, CF and DF taken together are 
equal to CG and DH taken together (ax. 2); that 
is CD is equal to CG and DH, and CD, CG, DH, 
that is GH is double of CD. But AB is double of 


CD; therefore GH is equal ta AB (ax. 6). And 


GF has been proved to be equal to AE, therefore 
FH ſhall be equal to EB (ax. * but FH has 


been 


or EUCLID. 15 


been proved to be double of FD, therefore EB 
ſhall be double of FD, — Therefore, If a mag- 
1 < nieude be double of cher“ &c. q: e. . 


Thus we have ſhewn the origin and certainty of 
the genuine axioms; and deduced them all, as 
applied to geometry, from one definition, which 
is the univerſal principle of geometrical reaſoning. 
Otherwiſe, this ſcience reſting upon ſeveral propo- 
fictions reſpecting quantity, whoſe conſiſtency with, 
and dependence upon, each other, is not tſhewn, 
wants at it's very foundation, that ſimplicity, har- 
mony and compactneſs, which alone can give ele- 
ome and — to the whole ſyſtem, 
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16 AN EXAMINATION 
PROPOSITIONS. 
Rop. 4. In this and all other propoſitions, 


a where the 1oth axiom is quoted, the definition 
of a ſtraight line, as above explained, fully anſwers 


| the ſame purpoſe. 


b .  Corollaries. — Without corollaries, the chain 
of reaſoning throughout the elements is complete 
and uninterrupted. By examining. the corollaries < 
as we go on, we ſhall find, that it is more than 
probable, that Euclid was not the author of any 
of them. But in a matter of this nature, in which 
the eaſy acquirement of an uſeful ſcience is con- 
cerned, we ſhould not be guided altogether by au- 
thority ; if corollaries are found ſuperfluous, and 
incompatible with the nature of the work, men of 
ſcience will require no better reaſon for rejecting 
them ; though it ſhould not clearly appear, who 
was their author. | 


It is allowed, that Euclid wrote a book entitled, 
aoerouare © corollaries;” being a collection of con- 
ſequences deducible from his elements. It is by 
no means probable, that the ſame author, who 

| wrote a ſeparate treatiſe of the corollaries, which 
followed from his elements, ſhould inſert in the 
elements, and under the ſame name, propoſitions 
not elementary, nor eſſential to that work. © From 
*© a work of this nature,” ſays + Proclus,” all ſu- 
* perfluity ſhould be rejected, for that is an ob- 
e ſtacle to knowledge; and it ſhould contain no- 
<« thing, but what is connected, and conducive to 


* the end propoſed.” In the preceding page the 


+ £85. | 
ſame 


x 
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ſame author juſtly obſerves, that © Euclid ſaid not 
c every thing, which might be ſaid, but what was 
<« conſiſtent with elements.” — And therefore Eu- 
clid has not been more commended by ſome, for 
what he wrote, than for what he did not write. We 
cannot give the ſame praiſe to moſt of his com- 
mentators, who have been fond of inſerting in the 
elements theories of their own, forgetting, that 
brevity is of the firſt importance in a ſeries of de- 
monſtrations. 1 


Coroll. to prop. 5. *© Hence every equilateral 
triangle is alſo equiangular.” 


Coroll. to prop. 6. Hence every equiangular 
e triangle is alſo equilateral.” 1 
The e which we are examining, 
have no more pretenſions to originality, than they 
have to utility. They are not in Proclus, Grynæus, 
Gregory, Campanus's Tranſlation from the Arabic, 
Zambertus, Tartalea, or Commandine. As to their 
ſignification, they are a part of their reſpective 
propoſitions ; with as much propriety, we might 
ſubjoin to the definitions of equilateral and ifoſceles 
triangles, * hence every equilateral triangle is alſo 
e jſoſceles, in ſhort we might add any theory 
that occurs, and this compendious and beautiful 
ſyſtem might be ſwoln into an enormous volume. 
Numberleſs corollaries might be deduced from e- 
very propoſition: but, as the author of the En- 
quiry into the Sublime and Beautiful juſtly ob- 
ſerves, it is not the extent of the ſubject, which 
„ muſt preſcribe our bounds, for what ſubject does 
not branch out to infinity? it is the nature of 
<* our particular ſcheme, and the ſingle point of 
view in which we conſider it, which ought to put 
<« a ſtop to our reſearches.” — The evidence of any 
| | Te, C | theory 
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is AN EXAMINATION 
theory is not alone a ſufficient reaſon for it's being 
inſerted in a book, which is intended to furniſh the 
mind only with principles, which the more compen- 
dious are the ſooner learned and the more eaſily 
remembered. The deſign of elements 1s to abridge 
labour, by containing nothing, but what is neceſ- 
ſary to our progreſs : unneceſſary propoſitions there- 
fore however evident have no place in them. Be- 
ſides theſe advantages to the learner, it will likewiſe 
contribute to the beauty of this ſcience, that the 
Chain of demonſtrations, which leads to it's ſub- 
limer truths, ſhould be ſo continued, that their con- 
nection might be as obvious and comprehenſible as 
poſſible. — The corollaries in general, which we 
find in the elements, are fo incorrectly expreſſed 
and demonſtrated, that they have afforded much 
trouble and controverſy to commentators ; there- 
fore no great entertainment will be loſt by rejecting 
them. However ſhould any furure editor be at- 
tached to ſome of them, let him at leaſt remove 
them from the text; let them not interfere with 
the elementary propoſitions, but be inſerted under 
the form of illuſtrations, notes, or commentaries, 


Cor. to prop. 13. All the angles made by any 
< number of lines meeting in one point, are toge- 
„ther equal to four right angles.“ Proclus men- 
tions this, but does not aſcribe it to Euclid, © A 
„book of problems called corollaries, . he ſays, 
e Euclid wrote, but they are different from thoſe 
ce jn the elements.” This corollary is not in Gry- 
nzus, though he confeſſes that he found it in one 
copy. In Campanus it is made a part of the theo- 
rem. Zambertus has it not; nor Tartalea. Is it 
not evident therefore, that it is not eſſential to the 
elements, but has been arbitrarily adopted by any 
commentator, who happened to approve of it ? 


Prop. 


\ 


Prop. 32. « If a fide of any triangle be pro- 


& duced, the exterior angle is equal to the two in- 
e terior and oppoſite angles; and the three interior 


< angles of every triangle are equal to two right 


„angles.“ 


It were certainly to be wiſhed, that this propo- 
ſition, which relates only to the triangle, ſhould be 
demonſtrated, before we leave that ſubject. In Eu- 
clid it interferes with the theory of parallel lines, 
becauſe it could not from his elements be demon- 
ſtrated, without the aſſiſtance of the 29. and 31. 


propoſitions, or at leaſt the former of theſe. Bug 


as the property of parallel lines referred to in the 
29. prop. is contained in definition B, we are en- 
abled to arrange propoſition 32. in its proper 
place; whereby we ſhall not only reform the order 
of the propoſitions, but conſiderably leſſen the 
number of them; as will be ſeen hereafter, . 


For both theſe purpoſes the moſt convenient 
place for prop. 32. is immediately after prop. 15 ; 
where it may be demonſtrated as follows; 


Prop. 32. Theorem. If a fide of any triangle 


cc be produced, the exterior angle is equal to the 
two interior and oppoſite angles; and the three 


< interior angles of every triangle are equal to two 
© right angles.” "Oo: 
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2 AN EXAMINATION 


vert ABC ben -. 
triangle, and let it's A Pe 
fide BC be pro- 
duced to D, the 
exterior angle ACD 
1s equal to both 
the interior and 
_ oppoſite angles, 
CBA, BAC. 
| Biſet AC in E, 
Join BE, and pro- 
duce it to F; and * 
make EF equal to if DE 
BE; join alſo FC and produce it to G. 


Becauſe AE is equal to EC, and BE to EF; AE, 
EB are equal to CE, EF, each to each; and the 
angle AEB is equal to the angle CEF, becauſe” 
they are vertical angles (prop. 15. B. I.); there- 
fore the remaining angles in one triangle are equal 
to the remaining angles in the other, each to each, 
to which the equal ſides are oppolite (prop. 4. B. 
I.); wherefore the angle BAE is equal to the angle 
ECF; but they are alternate angles, and when a 
ſtraight line, falling upon two other ſtraght lines, 
makes the alternate angles equal, thoſe two ſtraight 
lines are parallel (def. B); therefore AB is parallel 
to FC: and the ſtraight line BC falls upon them, 
therefore the two alternate angles ABC, BCG are 
equal (def. B); but BCG is equal to FCD, becauſe 
they are vertical angles (prop. 15. B. I.), therefore 
the angle FCD is equal to the angle ABC : and 
the angle ACF has been proved to be equal to 
the angle CAB, therefore the two angles ACF, 


Fed, that is, ACD the exterior angle, is equal 


to CAB, ABC, the two interior and oppoſite an- 
gles (ax. 2.); to each of theſe equals add the . 
| : 1 
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ACB; and the angles ACD, ACB are equal to the 
three abg gles CBA, BAC, ACB; but the angles 
ACD, ACB are equal to two right angles (prop. 
13. B. I.), therefore the angles CBA, BAC, ACB 
are equal'to two right angles (ax. 1.). Wherefore, 
If a ide of a triangle, &c.“ q. ©. * 


Not contented with the many uſeful conſequen- 
ces, which Euclid has deduced in the courſe of his 
elements from this important propoſition, his com- 
mentators, and tranſlators have employed all their 
ingenuity in demonſtrating from it various corolla- 
ries, foreign to the preſent enquiry, and of little 
or no uſe in geometry. Among ſeveral other corol- 
laries, we find in almoſt every edition the two fol- 
lowing ; 


Coroll. 1. All the interior angles of any rec- 
tilineal figure whatever, together with four right 
angles, are equal to twice as many right angles 
< as the figure bas es.” -- 


Coroll. 2. © All the exterior angles of any rec- 
6 « tilineal figure whatever, taken together, are 
equal to four right angles.“ 


I believe theſe corollaries, will be found at leaſt 
as intricate as the generality of propoſitions, and 
are no more entitled to the name of corollary than 
any of Euclid's theorems, from which they ; differ 

only in being leſs uſeful. 


Prop. 1. Theorem. If one ſide of a triangle 
© be produced, the exterior angle is greater than 
* either of the interior and oppolite angles.“ 


Prop. 


— 


preſent ſituation. 
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| Prop. 17. Theorem. * Any two angles of 3 
© triangle are together leſs than two right angles.” 


It is evident, that theſe two propoſitions are 
contained in prop. 32. and may be entirely remov'd 
from the elements, if the alteration of prop. 32. 
which has been propoſed, ſhould take place. —But 
when we reject or tranſpoſe any of Euclid's propo- 
ſitions, which have been always quoted accordi 
to their preſent order, care myſt be taken to ayoi 
as much as poſſible the inconveniences, which would 


be oceaſionèd by ſuch alterations. Therefore prop. 


32. may be called prope/ition A, formerly 32. and in 
it's former place, a reference may be made to it's 


Prop. 26. Theorem. If two triangles have 
„two angles of one equal to two angles of the 
* other, each to each; and one fide equal to one 
<« fide, viz. either the ſides adjacent to the equal 
angles, or the ſides oppoſite to equal angles, 
jn each; then ſhall the other ſides be equal, each 
« to each, and alſo the third angle of the one to 


1 


ce the third angle of the other.” 
Let there be two triangles ABC, DEF, having 


the two angles ABC, BCA, of one triangle, equal 


to the two angles DEF, EFD, of the other, each 
to each; and alſo one ſide equal to one ſide, and 
firſt let BC be equal to EF, which are between the 
equal angles, in the two triangles; the other ſides 
ſhall be equal, each to each, viz. AB to DE, and 
AC to DF, and the third angle BAC to the third 


angle EDF . 


The 
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The three angles ABC, BCA, CAB, of the tri- 
angles ABC are equal to two right angles, (prop. 
A); as alfo the three angles DEF, EFD, FDE of 
the triangle DEF : therefore the angles ABC, BCA, 
CAB, taken together are equal to the angles DEF, 


EFD, FDE taken together (ax. 1.), but the two 


angles ABC, BCA, are equal to the two angles 
DEF, EFD (by fupp.), therefore the remaining 
angle BAC, is equal to the remaining angle EDF 


” (ax. 3.). Then if the ſide AB be not equal to ED, 


one of them muſt be greater than the other. Let 
AB be the greater of the two; make BG equal to 

ED (prop. 3. B. I.); and join GC; therefore be- 
cauſe BC 1s equal to EF and BG to ED, the two 
ſides GB, BC, are equal to the two DE, EF, each 
to each, and the angle GBC 1s equal to the angle 
DEF, therefore the other angles are equal to the 
other angles, each to each, to which the equal ſides 
are oppolite (prop. 4. B. I.); therefore the angle 
GCB is equal to the angle DFE ; but the angle 
ACB is equal to the angle DFE, therefore Ge 
is equal to ACB (ax. 1.), the leſs to the greater, 
which is impoſſible; therefore AB is not unequal 
to DE, that is, it is equal to it; and BC is equal 
to EF (by ſupp.), therefore the two AB, BC, are 
equal to the two DE, EF, each to each, and the angle 
ABC is equal to the angle DEF; therefore the baſe 
AC is equal to the baſe DF (prop. 4. B. I.). In the 
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ſame manner, if either of the ſides, which are op- 


poſite to equal angles in the two triangles, were 


ſuppoſed to be equal to each other, it may be de- 
monſtrated, that the remaining ſides. would be 
equal, each to each. And it has been already 
proved, the angle BAC is equal to the angle EDF. 
Therefore If two triangles have two angles, &c.“ 
q. e. d. | 


Prop. 27. Theorem. If a ſtraight line falling 
«< upon two other ſtraight lines makes the alternate 
< angles equal to one another, theſe two ſtraight 
lines ſhall be parallel.” — Here begins the theo- 
ry of parallel lines. Omitting therefore this pro 
fition, which is definition B, I will demonſtrate that 
parallel ſtraight lines never meet, which is Euclid's 

definition. | 


Prop. A. Theorem. Parallel ſtraight lines never 
meet. EE 


Let AB, CD, 
be two parallel A— E/ R 7 
ſtraight lines; 4 | G 
never meet. 4 F 5 

For ſuppoſe 5 
the lines AB, CD, to meet in any point, as G; 
let the ſtraight line EF fall upon them, EFG, is 
a triangle; therefore the angle AEF is equal to 
the two internal and oppoſite angles, EFG, FGE 
(prop. A); therefore AEF is greater than EFG 
(ax. 9.); but a ſtraight line falling upon two pa- 
rallel ſtraight lines makes the alternate angles e- 
qual, therefore AEF is equal to EFG (def. B); 
but it is alſo greater than it, which is impoſſible. 
Therefore AB, CD do not meet in G; and in the 
manner it may be demonſtrated, that they do not 
meet towards A and C. Therefore,“ Parallel ſtraight 
Ai Kc.“ q. e. d. Prop. 
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Prop. 28. Theorem. * If a ſtraight line falling 
« upon two other ſtraight lines makes the exterior 
« angle equal to the interior and oppoſite one up- 
« on the fams ſide of the line; or makes the inte- 
« rior angles upon the ſame ſide taken together 
« equal to two right angles, the two ſtraight lines 
« zfe parallel,” | 5 
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This may be demonſtrated from my definition of 
parallel ſtraight lines as was done before from 
Prop. 27. | 
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Prop. 29. Theorem. © If a ſtraight line falls 
<« upon two parallel ſtraight lines, it makes the al- 
* ternate angles equal to one another; and the ex- 
« terior angle equal to the interior and oppoſite 
upon the ſame fide; and the two interior angles 
„upon the ſame fide taken together equal to two. 
right angles.“ . by 


We may omit that part of this propoſition, which 
relates to the equality of the alternate angles, be- 
cauſe it is the converſe of our definition of parallel 
lines. A definition always implies its converſe. If 

all the radii are equal, the figure is a circle, and if 
It be a circle, all the radii are equal. So likewiſe in 
the former doctrine of parallel lines, if right lines 
in a plane never met, they were parallel; and if 
parallel, they would never meet. Without this ex- 
tent to our definitions we ſhould loſe half of our 
theories, as we ſhould have no principle, by which 
the converſe of our definitions could be demon- 
ſtrated, The reaſonableneſs of this rule will be 
acknowledged, when we conſider, that a definition 
implies the very eſſence of the thing defined. The 
word parallel has no ſignification but what the de- 
finition gives it; the equality of the alternate 3 
gles 
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gies is the only idea we can affix to it. The equa- 
| lity of the alternate angles is the thing, and paral- 

leliſm a technical term to expreſs it. The definition 
therefore, and the word defined, being one and 


the ſame thing, are with great propriety * ta- 
ken converſely. 


The demonſtration of the 29. as it now ſtands, 
may be made out nearly as in the original. 


Prop. 30. Theorem. * Stra ght lines which are 
- © parallel to the ſame ſtraight Tine, are parallel to 
one another.” 


This may remain in it it's former ſtate: as may 
alſo; ; | 


Prop. 31. Problem. To draw a ſtraight line 
* through a given Ton parallel to a given ſtraight 
line.“ 


Prop. 32. Theorem. If a fide of any triangle 
< be produced, the exterior angle is equal to 5 
« two interior and oppoſite angles; and the three 
<« interior angles of every triangle are equal to two 
right angles. ” 


This is placed immediately after prop. 15. for 
reaſons already aſſigned. 


Prop. 33. Theorem. © The fraight l nies, which 
“join the extremities of two equal and parallel 
« ſtraight lines towards the ſame parts, are up 
themſelves equal and parallel.“ 


The original demonſtration of this requires no 
alteration. | 
I am 


Dd 
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I am under ſome apprehenſions leaſt the ſubſe- 
quent demonſtration may be thought to depend too 
much upon a particular interpretation of the word 
finite. If this word had been defined by Euclid, I 
ſhould have endeavoured to refer my demonſtration 
to his definition. Burt as this term is uſed in ſome 
places without any preciſe ſignification, as in prop. 


I. and 10. B. I. and as it is ſuppoſed throughout the 


elements, that any finite magnitude may be increaſed, 
till it becomes greater than any other finite magni- 
tude ; I have taken the ſame liberty with this word, 
and have employed it in the fame ſenſe, in which I 
find Euclid has taken it in the conſtruction of prop. 
8. B. V. viz. that ſuch a multiple may be taken 
4 of the leaſt of any two fixize magnitudes as ſhall 


<« exceed the greater.” Certainly no truth is con- 


firmed by more extenſive experience and obſervati- 
on, and will meet with more ready concurrence. 


Yet it 1s not conſiſtent with the rules of an ab- 


ſtrated ſcience to reaſon upon terms, which have 
not been defined. The want of a proper definition 
of the word finite has, I think, been the occaſion of 
the following inaccurate definition being inſerted in 
B. V. Magnitudes are ſaid to have a ratio to one 
< another, when the leſs can be multiplied lo as to 


<« exceed the greater ;” of which more will be ſaid 


hereafter. All theſe inconveniencies may be totally 


removed by inſerting the following among the de- 


finitions of the firſt book. 


Def. C. A magnitude is ſaid to be finite, when 


any magnitude whatever may be taken ſuch a num- 
ber of times as to be greater than it. 


Prop. B. Theorem: formerly Poſtulate 5. or 
Axiom 12, If a ſtraight line, falling upon two 
_ * ſtraight lines, makes the two interior angles 
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te upon the ſame. ſide of it leſs than two right an- 
ce gles, theſe ſtraight lines being continually pro- 
« duced ſhall at length meet on that ſide, on which 
ce the two interior angles are leſs than two right 


“ angles.” 


Let the ſtraight line EF falling upon the two 
ſtraight lines AB, CD, make the twd interior an- 
gles on the ſame ſide of it, viz, BEE, EF, leſs 
than two right angles, the two ſtraight lines AB, 
Cb, if continually produced towards B and D ſhall 


at length meet. 


Through the point F draw the ſtraight line GH 
parallel to AB (prop. 31. B. I.); and becauſe the 
ſtraight line EF falls upon the parallel lines AB, 
GH, it makes the two angles BEF, EFH, equal 
to two right angles (prop. 29. B. I.): but the two 
angles BEF, EFD, are leſs than two right angles, 
therefore the two angles BEF, EFH, are greater 
than the two angles BEF, EFD, take from each 
the common angle BEF, and there will remain 
EFH greater than EFD, therefore the the ſtraight 
line FD falls within the angle EFH. In the ſtraight. 
line FH let any point K be taken, and make EL 
in the ſtraight line AB equal to FK (prop. 3. B. I.), 

and join KL; KL is parallel to EF (prop. 33. B. I.); 
and KL ſhal] meet the ſtraight line CD, unleſs 
C ſhall have paſſed the line AB, in which caſe, 
what was required is already demonſtrated ; but if 

. not 


n 
not, KL will meet it in ſome point as O. In the 


ſtraight line FH make KM equal to FK, and alſo 
LN in the ſtraight line AB equal to KM (prop. 3, 
B. I.): and join MN; the ſtraight line MN is pa- 
rallel to KL and FE (prop. 33. B. I.); and it may 
be demonſtrated, that the fra 


paſſed AB, in the fame manner as it has been 
already demonſtrated with reſpect to KL; let MN 
meet CD in any point at P: in the ſtraight line 


KL ſuppoſe KQ to be made equal to MP: and 


join PQ; the ſtraight line PQ is parallel and 
 _ equal to KM (prop. 33. B. I.); and the ſtraight 
line LK falls upon them, therefore the angle 


. 


FKQ is equal to the angle KQP, becauſe they 


are alternate angles (def. B.); and for the fame 
reaſon, becauſe the ſtraight line CD falls upon 
the two parallel lines QP, FM, the angle MFP 


ſhall be equal to the angle FPQ, therefore in the 
two triangles POQ, FOK, we have two angles 
in one equal to two angles in the other, each to 
each; and the ſides FK, PQ, which are adja- 


cent to the equal angles, are equal to each 
other, for they are each of them equal to KM; 


therefore the remaining ſides are equal, each 


to each, in each triangle (prop. 26. B. I.), there- 
fore OK, which is oppoſite to the angle OFK, 
ſhall be equal ro OQ, which is oppoſite to the an- 
gle OPQ, which is equal ro OFK : therefore the 
whole line KQ is double of the Line KO, but 
KQ is equal ro MP (prop. 33. B. I.), therefore 
MP is double of KO. In the fame manner if MR 
be made equal to KM, and NS equal to MR, it 
might be demonſtrated that if RS meet CD, the 


part of it interſected between the ſtraight line GH 


and CD, would be equal to MP and KO taken to- 
gether ; and ſo on continually ; bur any magnitude 


may 


ght line MN ſhall 
meet the ſtraight line CD, unleſs CD ſhall have 
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may be taken ſuch a number of times as to be 
greater than any other finite magnitude (def. C.); 


therefore if OK be continually added to PM it ſhall 
at length become greater than MN; that is, than 
' RS which is equal to MN (prop. 33. B. I.); but, 


when this is the caſe, the ſtraight line RS which joins 
the parallel ſtraight lines AB, GH, does not meet 
the ſtraight line CD; therefore CD muſt have 
paſſed the line AB. Therefore © If a ſtraight line, 
<* falling upon two other ſtraight lines, makes the 
e two interior angles upon the ſame fide leſs than 
* two right angles, theſe two ſtraight lines being 
* continually produced ſhall at length meet on that 
* ſide on which the two interior angles are leſs than 
<* two right angles.” q. e. d. „ 


Prop. C. Theorem. If a ſtraight line meets ano- 
ther ſtraight line, it ſhall, if continually produced, 
meet any ſtraight line which is parallel to it. 


Let the ſtraight line AB meet the ſtraight line 
CD in the point E; and let FG be parallel to CD, 


AB ſhall, if produced, meet FG. 


. 5 3 
EF ON 
0 —— 


From the point E, let any ſtraight line as EH be 


drawn, meeting FG in any point. as H; the two 


interior angles GHE, HED taken together are 
equal to two right angles (prop. 29. B. I.) but 
HEB is lefs than HED, therefore the two angles 


GHE, HEB, taken together, are leſs than 5 
a right 


ne 


Zight angles; but when a ſtraight line falling upon 
two other ſtraight lines makes the two interior an- 
gles upon the f. 

theſe two ſtraight lines being continually produced 
ſhall meet on that ſide on which the two interior an- 


les are leſs than two right angles; therefore AB 


all, if continually produced, meet FG. There- 
| fore, If a ſtraight line meets, &c. q. e. d. 4 


The Utility of this propoſition, which has hi- 
therto been taken for granted, will be obvious to 


every perſon, who has read a book of Euclid's 


Elements. 


Prop. D. Theorem. Straight lines, which being 
continually produced never meet, are parallel. 


Let AB, CD be two ſtraight lines, which be- 


ing continually produced never meet, AB ſhall be 
parallel to CD. | + 


8 


For ſuppoſe they are not parallel; let fall upon 
them any ſtraight line EF; the angle AEF is not 
equal to the angle EFD, for if it is the two lines 


AB, CD are parallel, and what was required 


is already demonſtrated (def. B.): therefore 
one of them is greater than the other; ſuppoſe 
AEF to be greater than EFD, to each of them add 
FEB: AEF, FEB are equal to two right angles 


(prop. 


ame ſide leſs than two right angles, 
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(prop. 13. B. I.), therefore DFE, FEB are leſs than 
two right angles; but when a ſtraight line falling 
upon two other ſtraight lines makes the two in- 


terior angles upon the ſame fide leſs than two 


right angles, theſe ſtraight lines ſhall, if conti- 
nually produced, meet on that ſide, on which the 
two interior angles are leſs than two right angles 


(prop. B.); therefore EB, FD being produced ſhall - 


meet; but by ſuppoſition they never meet: there- 
fore AEF is not greater than EFD, and in the fame 


manner we might prove that it is not leſs than it; 


therefore it is equal to it: but AEF, EFD are al- 
ternate angles, therefore AB is parallel to CD (def. 
B.). Therefore Straight lines, &c. q. e. d. 


Prop. 46. Problem. © To deſcribe a ſquare up- 
“ on a given ſtraight line,” | | 


Euclid gave no definition of the rectangle, pro- 
bably becauſe the Greek expreſſion, Tapaxanoyyaupor 
op doe, Or og So Alone, magaranoypapper being un- 
derſtood, is a definition of the figure. In the Eng- 
liſh language recfangle has no ſignification, and 


therefore it ought to be defined before we treat 


of it. It was not neceſſary, nor indeed poſſible, to 
define this figure, before ſome properties of paral- 
lel lines were demonſtrated; and the attempts, 
which have been made to give definitions of the 
oblong and ſquare, before the propoſitions, have 


been obſerved to be imperfect and unſucceſsful. 


< 


Def. D. A rectangle is a parallelogram having 
all its angles right angles. 3 


Def. E. A ſquare is a rectangle having all its 
ſides equal. e : 


This 


OF rwe? 


This definition of a ſquare, by referring that 
figure to its proper ſpecies, renders it unneceſſary 
to treat of it ſeparately, as is done in the propoſi- 
tion, which we are now examining. Beſides, af- 
ter prop. 42. 44. and 45. it will be needleſs to de- 
monſtrate how a rectangle may be conſtructed when 
its adjacent ſides are given, or, which is the ſame 
thing, how to conftru& a ſquare upon 2 gw 
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EXAMINATION 


0 E THE 


FIRST SIX BOOKS 
O F 


EUCLID's ELEMENTS. 
BOOK 1: 


PROPOSTTLIONS 


ROP. 1, Theorem. If there be two ſtraight 
| <* lines one of which is divided into any num- 
f <« ber of parts; the rectangle contained by the two 

I ſtraight lines is equal to the rectangles contained 
* by the undivided line, and the ſeveral parts of 
te the divided line.” 


Prop. 2. Theorem. If a fraight line be di- 
e vided into any two parts, the rectangles contain- 
ed by the whole line and each of the parts are to- 
« gether equal to the ſquare of the whole line.” 


Prop. 3. Theorem, If a ſtraight line be di- 


* vided into any two parts, the rectangle con- 
E 2 + tained 
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<« tained by the whole line and one of the parts 
<« ſhall be equal to the rectangle contained by 
* the two parts togther with the ſquare” of the 
&* foreſaid part. 


The two laſt mentioned propoſitions 80 ſeem 
on account of any great utility they are of, to be 
entitled to more than one demonſtration; and I 
think the demonſtration of them both is compre- 
hended under that of the firſt. For whatever is 
demonſtrated of the rectangle in general, is like- 


- wiſe demonſtrated of the ſquare; which is an eq ui- 


lateral rectangle. In the firſt propoſition it is de- 

monſtrated, that the rectangle contained under any 
two lines whatever, ſhall be equal to all the rectan- 
gles contained under the ſeveral parts, into which 
one of them is divided, and the other undivided 
line. Is it any exception to this propoſition, if the 


two right lines are equal to each other? in which 


caſe we have prop. 2. as a ſquare 1s a rectangle 
contained under two equal lines. — Prop. 3. is ano- 


ther caſe of the firſt; in which the © undivided line 


« is equal to one of the ſegments of the divided 
line, which is the only difference between this 
and the firſt. I have often obſerved that ſuch pro- 


— perplex learners more than thoſe of real 


mportance; and occaſion an unneceſſary delay in 
— progreſs to the more ſublime and entertain- 
ing parts of mathematical learning. Theſe ſuper- 
fluities and ſome others of the ſame nature, have 
crept into the elements, from the ſquare being 
conſidered as a different figure from the rect- 
angle; and not claſſed, as it ought to be, under 
the ſame ſpecies. 


Cor. to prop. 4. From this it is manifeſt, that 
<* the. parallelograms about the diameter of a ſquare 
are likewiſe ſquares.” 


The 
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The fourth propoſition has two demonſtrations 
in the original; which is not uncommon z* and 
when this is the cafe, a corollary generally fol- 
lows; wifich it is probable was inſerted by the au- 
thor of the ſecond demonſtration. | 


1 Op. 13. Theorem. E, Tos oSvywnas Tpryopois, 
„ &c. In acute angled triangles the ſquare of 
e the ſide ſubtending any of the acute angles, 
js leſs than the ſquares of the ſides containing 
that angle, by twice the rectangle contained 
* by either of theſe ſides, and the ſtraight line 
<« intercepted between the perpendicular ler fall 
* upon it from the oppoſite angle, and the acute 
_ * angle.” | | 


In the Ex$4:s of this propoſition we have, in the 
Greek, let ABG be an acute angled triangle 
having the angle at B acute,” which is mere tau- 
tology. Beſides, it has been juſtly obſerved that 
this theorem is not confined to acute angled trian- 


gles, but holds true of acute angles in any triangle. 


And therefore Simſon and ſome others have given 
two more caſes with different demonſtrations to 
ſupply the defect. A little attention would have 
ſhewn them, that with proper diagrams the origi- 
nal demonſtration is applicable to two of the diffe- 
rent caſes. 75 | 


Prop. 13. Theorem. In every triangle the ſquare 
of the fide ſubtending any of the acute angles, is 
leſs than the ſquares of the ſides containing that 


angle, by twice the rectangle contained by either 


of theſe ſides, and the ſtraight line intercepted be- 
_ tween the perpendicular let fall from the oppoſite 
angle upon it, produced if neceſſary, and the acute 


angle. 
Let 
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Let BAC be any triangle, and the angle at B 


ä one of it's acute angles, and if AC be not perpen- 
dicular to BC, let fall upon BC, produced if ne- 


ceſſary, the perpendicular AD from the oppoſite 

angle: (prop. 12. B. I.) The ſquare of AC, op- 
oſite to the angle B, is leſs than the ſquares of 

CB, BA, by twice the rectangle CB, BD. 


A 


The ſquares of CB, BD, are equal to twice the 


rectangle contained by CB, BD, together with the 


ſquare of DC (prop. 7. B. II). To each of theſe 
add the ſquare of AD; and the ſquares of CB, BD, 
DA, are equal to twice the rectangle CB, BD, and 
the ſquares of AD, DC. But the ſquare of AB is 
equal to the ſquares of BD, DA, becauſe the angle 


BDA is a right angle (prop. 47. B. I.); and the 


ſquare of AC is equal to the ſquares of AD, and 


DC: therefore the ſquares of CB, BA, are equal 


to the ſquare of AC, and twice the rectangle CB, 
BD; that is, the ſquare of AC alone is leſs than 
the ſquares of CB, BA by twice the rectangle 


But 


OF © ECT > 


But if BAC be a right angled 
triangle, the perpendicular let fall 
from A coincides with the ſide AC. 
In this caſe the ſquare of AB is 
equal to the ſquares of AC, CB, 
(prop. 47. B. I.); therefore the 
ſquare of AC is leſs than the ſquare 
of AB, BC, together by twice the 
ſquare of BC; that is, by twice the 
rectangle contained by the fide 
BC, and the ftraight line intercepted between the 
angle at B and the perpendicular let fall upon BC 
from the oppoſite angle. Therefore, In every 
<* triangle the ſquare of the ſide,” &. q. e. d. 


Prop. 14. Problem. © To deſcribe a ſquare 
< that ſhall be equal to a given rectilineal fi- 


cc gure.” 3 
In the original conſtruction of this a very in- 


judicious ſtep was taken, which Simſon has cor- 
rected. e | 


When we obſerve, that almoſt every deviation 


from the ſubje& in hand is attended with ſome in- 
accuracies, and that the leading propoſitions in 


theſe elements are the moſt correct and perfect 
that occur in any work, we ſhall think it at leaſt 


probable, that thoſe propoſitions only are Euclid's 
which carry us forward in the proſecution of our 


enquiries, and that thoſe, which interrupt the 


chain of reaſoning, have crept in from the impru- 
dent zeal or vanity of his ſucceſſors, to enrich ele- 
ments with theories of their own, The two laſt 
propoſitions of the firſt book, or the three laſt if 
we admit prop. 46, are indeed a feparate part 
but they are abſolutely neceſſary ; neither could 


they 
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they be demonſtrated conveniently in any other 
place, as ſeveral propoſitions in the ſecond book 
could not be folv'd without the aſſiſtance of prop. 
47. B. I. The three laſt propoſitions of B. II. are 
a detach'd part, but not abſolutely neceſſary in the 
elements; and I believe of no material utility in 
any other place: particularly the two former of 
them. With reſpe& to the laſt it is no where 
quoted in the firſt fix books; and no perſon will 
want a demonſtration of it after reading prop. 13. 
and 17. B. VI. „ : 


o 


lt 


AN 


EXAMINATION 


„ oF THE 
FIRST SIX BOOKS 
OF 


EUCLID's ELEMENTS, 
BOOK III. 


PROPOSITIONS. 


OR. to prop. 1. From this it is manifeſt, 

e that if in a circle a ſtraight line biſect ano- 
ce ther at right angles, the center of the circle is 
in the line which biſects the other.“ 


This corollary is fully a in the propoſiti- 


on, or rather is the very principle, by which the 
problem is ſolv' d. 


Prop. 6. Theorem. « If two circles touch each 
<* other internally, they ſhall not have the ſame 
bn center.” 


This theorem evidently holds true of external as 


well as internal contact. It is certainly an unneceſ- 
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ſary precaution to reſtrict any theorem, and to ex- 
clude one of its caſes merely on account of its evi- 
dence, when it comes under the general demon- 
ſtration. By giving the enunciation of this propo- 
ſition without any limitation, we obtain the advan- 
tage of uniting prop. 5. and 6. without altering a 
word of their demonſtration. 


Prop. 5. and 6. If two circles cut or touch each 
other they ſhall not have the ſame center. 


Let the two circles ABC, ADE cut each other 
in the points A, B, or touch each other i in the point 
A, they ſhall not have the ſame center. 


For, if it be poſlible, let F be their center, join 
FA and draw any ſtraight line meeting them in E 
and C: becauſe F is the center of the circle ABE, 
FE is equal to FA; and becauſe F is the center of 
the circle ABC, AF is equal to FC, but AF has 
alſo been proved to be equal to FE, therefore FE 
is equal to FC, the leſs to the greater; which is 
impoſſible. Therefore F is not the center of both 
the circles ABG, ACE. | 


Therefore, If two circles cut, or touch each 
other, &c. q. e. d. 


Prop. 


0 F EU 0 L 1p. is 


Prop. 7. Theorem. If any point be taken in 
* the diameter of a circle, which is not the center, 
of all the ſtraight lines which can be drawn from 
it to the circumference, the greateſt is that 
in which the center is, and the other part of that 
% diameter is the leaſt; and of any others, that 
*« which is neareſt to to the line which paſſes 
« MPs, the center 1s always greater than one 
e remote: And from the ſame point there 
can be drawn only two ſtraight lines that are 
* equal to one anothef, one upon each fide of 
e the ſhorteſt line.” | 


In che laſt caſe of this and the following propo- 
ſition the line paſſing through the center of the cir- 
cle is called the ſorteft line. 


Prop. 8. Theorem. If any point be taken 
ce without a circle, and ſtraight lines be drawn 
& from it to the circumference, whereof one paſſes 
* through the center; of all thoſe which fall up- 
* on the concave circumference, the greateſt is 
that which paſſes through the center; and of the 
< reſt, that which is nearer to that through the cen- 
<« ter is always greater than the more remote: But 
e of thoſe that fall upon the convex circumference, 


< the leaſt is that between /the point without the 


« circle and the diameter; and of the reſt, that 
“ vhich is nearer to the leaſt is always leſs than the 
* more remote: And only two equal ſtraight lines 
« can be drawn from the point to the circumfe- 
e rence, one upon each ſide of the leaſt.” 


From the firſt of theſe propoſitions follows ſo eaſy 
and natural a demonſtration of prop. 9. that we 


cannot ſuppoſe Euclid could have overlooked it. 
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The ninth, namely ; If a point be taken with- 


„ in a circle, from which fall more than two 
<< * equal ſtraight lines to the circumference, that 


< point is the center of the circle,” is the converſe 
of the laſt caſe of the ſeventh. Some later geometri- 
clan has deduced this from the ſeventh, in the ſe- 
cond demonſtration, which is generally preferred to 


Euclid's. Now as the ſeventh propoſition is uſed 
no where but in this demonſtration, and here not 


by Euchd, unleſs we ſuppoſe Euclid gave two de- 
onſtrations of the ſame propoſition, and as the 


Eighth is no where uſed, I believe, throughout the 


Elements, it is not improbable that they were both 


invented by the author of the ſecond demonſtration 


of the ninth PINPOINT, who alone ſeems to have 
known their uſe. | 


For the theory of the dick is complete without 
them. In prop. 14. it is demonſtrated that lines equi- 
diſtant from the center are equal, and the converſe 


of this. The next proves that of all the right lines 
in a circle the diameter is the greateſt ; and that the 


one nearer to the center is always greater than one 
more remote; which is a general compariſon of all 
lines terminating both ways in the circumference of 
a circle, from their ſituation reſpecting the center. 
Bur I think even this might well be omitted. For 
theſe relations are more exactly aſcertained in prop. 


45. of this book ; which propoſition completes the 


theory of the circle, and furniſhes thoſe principles 
upon which the equation to the curve is I 


The relative magnitudes of the ſegments of lines 
drawn from a point without the circle, to the con- 
cave and convex circumference, are determined 1 in 


To | 


OF BUCLID.. 45 


To this it may be objected, that Theodoſius in 
his Spherics refers to theſe propoſitions and de- 
monſtrates ſimilar properties of the ſphere. But, ac- 
cording to Mantucla, the authar of the ſpherics liv'd 


300 years after Euclid, too diſtant a period to prove 


the originality of any part of this work. Neither is 


this, or any other reference, an argument for re- 


taining unneceſſary propoſitions in the elements, 
which aze not to be conſider'd as a common place 
book, but as a ſyſtem. 0 


Prop. 13. Theorem. One circle cannot touch 
„ another in more points than one, whether it 
< rouches on the inſide or on the outfide.” 


C 


For, if it be poſſible, let the two circles ABC, ADB 
touch each other in the two points A and B. Join 
AB, and biſect the line AB, as in E; ron 5 
point E draw the ſtraight line EC at right an 
to AB. The ftraight hne EC produced ſhall paſs 
through the center of both the circles (prop: x. B. 
III.); but the ſtraight line which joins the centers 
circles that touch each other, either internally or 
externally, ſhall paſs through the point of contact 


(prop. 11. and 12. B. III.) therefore CE produced 


ſhall paſs through the point of contact; but it does 


not paſs: through it becauſe the points A and B are 
not in the ſtraight line CE; which is abſurd. 


Therefore, One circle cannot touch another in 
more points than one,” &c. q. e. d. 1 
e Thus 
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Thus the two caſes of this propoſition may be 
comprehended under one demonſtration : the ſe- 


| cond caſe of it following as obviouſly from the 


twelfth as the firſt does from the eleventh propoſi- 
tion of this book. 


This Gngular overſight induits me to faſped wii 
prop. 12. If two circles touch each other exter- 
* nally, the ſtraight line joining their centers, paſſes 
e through the point of contact,“ was not in the 


original elements. I have before obſerved, that 
Euclid excludes circles which touch externally, 


from prop. 6. when he ſhews that thoſe which 
touch internally have not the ſame center. This 
conjecture receives additional confirmation from 
the inaccuracy of the language in which prop. 12. 
18 expreſſed; cr To being uſed inſtead of wwarn- 
Tormu, Whereas the definition expreſsly ſays, that a 
circle, which touches another, but does not cut it, 


| $PanTiou Be and epanrTHTY is uſed in this ſenſe 
in the very preceding propoſition. Yet it muſt be 


owned that, in ſome other inſtances, the proper 


GftinQion 1 is not preſerved. 


Pub. 16. Theorem. The ftraight line drawn 
Fat right angles to the diameter of a circle, from 
< the extremity of it, falls without the circle; and 
* no ſtraight. line can be drawn between that 
« ſtraight line and the circumference, from the ex- 


< tremity of the diameter, ſo as not to cut the 


« circle”, &c. 


By deviating a lictle from his uſual mode of © ex- 
preſſion in the firſt caſe of this propoſition, Eu- 


clid has given occaſion to ſome perſon to ſubjoin a 


corollary to ſhew what is ſtrictly — but 
in 


er Renn . a 


in other words; viz. that a ſtraight line drawn at 
“ right angles to the diameter at its extremity {ball 
c fouch the circle.” Therefore to conform with the 
definition of a tangent. let the propoſition be ex- 
preſſed, as follows; The ſtraight line drawn at 
right angles to the diameter of a circle, from its 
extremity, does not cut the circle; which may be de- 
monſtrated as the former. 


Prop. 20. Theorem. “ The angle at the center 
ec of a circle is double of the angle at the circumfe- 
< rence, Upon the ſame baſe, that is upon the ſame. 


<« part of the circumference.” 


This propoſition is general; and it is immaterial 
whether the part of the circumference, upon which 
the angles at the center and circumference ſtand, 
be greater or leſs than a ſemicircle. Simſon and 


ſome other modern Editors of Euclid, who have 


made an addition of a new caſe to the following 
propoſition, ſeem not to have obſerved the full ex- 
tent of this, - | 


Prop. 21. Theorem. The angles in the ſame 


e ſegment of a circle are equal to one another.“ 


Any angle at the circumference of a given ſeg-_ 
ment is half of one and the ſame angle at the cen- 
ter, as was ſhewn in the preceding propoſition, 


whether the ſegment be greater or leſs than a ſemi- 


circle. Yet, as was obſerv'd above, another de- 


monſtration has been given of late, to ſhew that 
the angles in a ſegment leſs than a ſemicircle are 
equal to each other. | . 


Prop. 25. Problem. A ſegment of a circle 


« being given to find the circle of which it is a ſeg- 
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To the three caſes of this propoſition, one of 
which Simſon has ſhewn-to be unneceſſary, are ſub- 
joined the following remarks upon the demonſtra- 
tion. And it is evident, that the ſegment ABC 
jg leſs than a ſemicircle, becauſe the center E 
ce is without it“; And evidently ABC is a ſemi- 


* circle”; © And evidently ABC is greater than a 


& ſemicircle”. By ſuppoſition the ſegment of the 
circle is given; theſe obſervations ſeem to imply, 
that it is diſcover'd from the demonſtration, 


If from a ſegment of a circle being given the 


ſides and angles of a triangle inſcribed in it are 
known, which is ſuppoſed in the conſtruction of 


this problem, this page nag might be omit- 
ted, being contain'd in that more general one 
in Book IV, To deſcribe a circle about a given 
* triangle.” 8 


Prop. 3 1. Theorem. In a circle the angle in 
a ſemicircle is a right angle; but the angle in 
a ſegment leſs than a ſemicircle is greater than a 


Angles at the circumference of a circle are moſt 
conveniently meaſured, by thoſe at the center 
ſtanding _ the ſame baſe: And this demon- 


ſtration, if referred to that principle would be 


ſooner underſtood and more eaſily remember'd, 


1- than the preſent one which is rather complicated. 


Let BADC be a circle, A any point in its cir- 


cumference, BC its diameter, and E its center. 


Join AB, AC; and draw the ſtraight line AD to 
any point in the ſegment AC. The angle BAC in 
a ſemicircle is a right angle, and ABC in a ſeg- 


ment greater than a ſemicircle is leſs than a right 


angle, 


| 


0 BUD a 
angle, and BAD in a ſegment leſs than a ſemicir- 


cle is greater than a right angle. 


Draw the diameter 
AF. DEF the angle 
at the center is double 
of BAF the angle at the 
circumference-( propo- 
ſition 20. B. III); for 
the ſame reaſon FEC is 
double of FAC; there- 
fore the two angles | —1 
B EF, FEC are double e, 5 
of the two angles BAF, FAC, but BEF, FEC, are 
equal to two right angles (prop. 13. B. I.), there- 
fore BAC is a right angle. Wherefore the angle in 
a ſemicircle is a right angle. | 


All the angles in the triangle BAC are equal to 


two right angles (prop. 32. B. I.), but BAC is a 


right angle, therefore ABC is leſs than a right an- 
gle. Therefore the angle in a ſegment greater than 
a ſemicircle is leſs than a right angle. 


The angle BAD which is in a ſegment leſs than 


a ſemicircle is greater than the right angle BAC. 
Therefore the angle in a ſegment, leſs than a ſemi- 
circle, is greater than a right angle. Therefore, 
In a circle, the angle in a ſemicircle, &c.“ q. e. d. 


In the former demonſtration ſome obſervations 
were made upon the angles contained by an arc of 
a circle and its chord, after which comes the uſual 
concluſion, which was to be demonſtrated,“ 
though nothing was propoſed upon that ſubject: 


this therefore may be omitted; as may alſo the co- 


rollary, which is equally foreign to the ſubjeR. 
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Cor. From this it is manifeſt that if one angle 
cc of a triangle be equal to the other two it is a 
„right angle; becauſe the angle adjacent is equal 
cc to the ſame two, and when the adjacent angles 


ce are equal, they are right angles.“ 


This is a property of the triangle, and follows 
very obviouſly from prop. 32. B. I. 
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BOOK IV. 


FT\HIS book is not ſo indiſpenſably neceſſary 

to the geometrical ſtudent as the other five 
books of Euclid upon: plane geometry. Being a 
ſeries of geometrical conſtructions, it was more 


worthy the attention of the Greeks, who chiefly 


delighted in this ſcience as the beſt model and ex- 
erciſe for the judgement, than of the moderns, who 
various uſes in philoſophy, unknown to the Greeks. 
Beſides, in this age, men in general have leſs time 
to employ in mathematical ſtudies, than the an- 
cients had: and many give up the undertaking 


have ſeen mathematical learning happily applied to 


before they have advanced far enough in this ſci - 
ence to know the uſe of it. Our progreſs there- 


fore ſhould be, if poſſible, more rapid; and the 

elements of this ſcience ſhould be rendered eaſier, 

as its application is * more extenſive, and 
5 


2 


[| 
7c 2 
. F —— 


— 4 
— — — — —— — —— 
rr ͤ P — D ——— 
Q 5 4 - " 2 >. 
CD ww of Bop, —_ ww 2 


the 


— 


- K 5 4 * ” . 5 > 0 — von * — — — W HIT Oy —_ yy —_—_—_—_—_—_——_ 
* 2 — — — - N 1 - * — 1 . —— IE — 0 
— —— * C 2 — 2 - — 4 — — 0 = 5 
. ͤ mwß I ARS ¾ 1 ̃¾²— ITO — — ne — — — 
— * = —— — — — — — — — - -— "4 — 2 F 4, > wok 8 2 — 5 ">> 2 Js 
of —— — — — — — — — _ & 
— * — — —— — — 4 Fol 
- — — — — as y >. 
” * — - oy 


: 
17 
. 

? . 
5 
* 

4 

+ 

: 

7 
i ; 
A 
1 


— 
— W . 2 
Sr; . n * AT Ca 
' n - 
% "7. — 
= .— <a — % — 298 — 


* 
7225 1 — 
0 34 
_ — — — —— 
— — CY = 
- . ——ů 7 
1 . 
2 — 5 
8 — — — 


— — — 
2 * . 


N 


* * 
ccc REI Es ned ge Et er 


52 AN EXAMINATION 


the ſyſtem of education in general more complicat- 
ed. With this view the foutth book might be 
paſs'd over very curſorily, if not entirely omitted: 
and might be conſulted occaſionally, whenever 
theſe conſtructions are wanted, which very rarely 


| happens. 


PROPOSITIONS. 


Prop. 3. Problem, About a given circle to 


“ deſcribe a triangle equiangular to a given tri- 


60 angle. 


Let ABC, be the given circle, and DEF the 
given triangle, it is required to deſcribe a tri- 


angle about the circle ABC, ä to the tri- 


. DEF. 


nder EE both ways to the points G, II; and 


5 find the center K of the circle ABC; and from it 


draw any ſtraight line KB: make the angle BKA 


equal to the angle DEG, and the angle BKC equal 


to the angle DFH (prop. 23. B. I.); and through 
the points A, B, C, draw the lines LAM, LCN, 


 MBN, touching the circle in the points A, B, C 


(prop. 17. B. III.); join AB; the two angles 
KBM, KAM are equal to two right a angles (prop. 
18. 


o E ο⏑ ,, ‚ f 


18. B. III.), therefore MBA, BAM are leſs than 
two right angles; but when a ſtraight line fall - 
ing upon two other ſtraight lines makes the two 
interior angles upon the ſame ſide leſs than two 


right angles, theſe two ſtraight lines being produ- 


ced, ſhall meet (prop. B. B. I.); therefore NM 
ſhall meet LM, and by joining AC and CB, it 


might be proved in the ſame manner, that ML, 


LN, and alſo that LN, MN, ſhall meet each 
other; therefore LMN is a triangle. And becauſe 
the four angles of the quadrilateral figure AKBM 
are equal to four right angles, for it can be di- 
vided into two triangles; and that two of them 


KAM, KBM, are equal to two right angles; the 


other two AKB, AMB are equal to two right an- 
gles ; but the angles DEG, DEF are likewiſe equal 
to two right angles ; therefore the angles, AKB, 
AMB, are equal to DEG, DEF, of which AKB is 
equal to DEG, wherefore the remaining angle 
AMB is equal to the remaining angle DEF : In 
like manner, the angle LNM may be demonſtrat- 
ed to be equal to the angle DFE; and therefore 
the remaining angle MLN is equal to the remain- 
ing angle EBF; wherefore the triangle LMN is 
_ equiangular to the triangle DEF : and it is deſcri- 


bed about the circle ABC; which was to be done. 


That part of the demonſination, which proves the 
three ſides of the triangle ABC to meet each other, 
has been hither omitted, and therefore the problem 
not completely ſolved. 


Prop. 8. Problem: m" To deſeribe a cu about 
* a given IN” | | 


Let the given triangle be ABC, it is qu to 


dleſcribe a cirele about ABC. 
Biſect 
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Biſect AB, AC, in the points D, E, and from 
the points D, E, draw the ſtraight lines DF, EF at 
right angles to AB, AC (prop. 11. B. I.); and join 
DE; the two angles EDF, DEF are leſs than the 
two angles FDA, FEA, but FDA, FEA are two 
right angles, therefore FDE, DEF, are leſs than two 
right angles ; but when a ſtraight line falling upon 
two other ſtraight lines makes the two interior an- 
gles upon the ſame ſide, taken together, leſs than 
two right angles, theſe two ſtraight lines being con- 


tinually produced, ſhall at length meet on that ſide 


(prop. B. B. I.); therefore DF, EF ſhall meet in 
ſome point as F; join FA; and if the point F be 
not in the line BC, join FB, FC: Becauſe AD is 
equal to DB, and DF common, and at right angles 
to AB, the baſe FA is equal to the baſe FB. In 
the ſame manner it may be ſhewn, that FA 1s equal 
to FC; and therefore FB, which is equal to FA, is 


likewiſe'equal to FC; and therefore the circle de- 


icribed about the center F, at the diſtance of _ of 
| them 


OF EUCLID. 35 


them ſhall paſs through the extremities of the other 
two; and be deſeribed about the triangle ABC; 
which was to be done. 


This demonſtration' is like that of Simſon, who 


has conſiderably improv'd this propoſition, in every 
other reſpe& but that the meeting of the lines DF, 
EF is demonſtrated in a different manner. He en- 
- deavours to prove it thus, DF and EF produced 
« ſhall meet one another: For, if they do not 
meet, they are parallel; wherefore AB, AC, 

« which are at right angles to them are parallel 3 


« which is abſurd;” it is neither very clear, nor 


indeed ſtrictly true, that if DF, EF, are parallel, 
BA, AC are painlink They may be either paral- 
lel, or they may be one and the ſame line; each of 
which would be indeed abſurd ; but theſe are 
proofs, which do not immediately follow from any 
_ demonſtration, which has yet occur'd in the Ele- 
ments, and therefore are not proper in this place. 


Cor. © And it is manifeſt, that when the center 


c of the circle falls within the triangle, each of its 
*“ angles is leſs than a right angle, each of them 
« being in a ſegment greater than a ſemicircle. 
c But, when the center is in one of the ſides of 
<« the triangle, the angle oppoſite to the ſide beyond 


« which it is, being in a ſegment leſs than a ſemi- 


< circle, is greater than a right angle. So that if 
_ © the given angle be leſs than a right angle, the 
* ſtraight lines DF, EF, fall within the trian- 
« ole; if it be a right angle, they fall upon BC; 


«and if it be greater than a right angle, they fall 


* beyond BC. q. e. .* 


Inſtead of criticiſing and aa this corollary, 
the editors of Euclid would have done a greater 


ſervice to the elements, if they had entirely remo- 


ved 
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ved it; as it does not belong to this propoſition, 


but is demonſtrated i in prop. 31. B. III. 


Prop. 7. Problem. © To deſcribe a ſquare about 
4e a given circle.” | 4 


Before it can be ns that the figure con- 
ſtructed is a ſquare, it ought to be proved that its 
adjacent ſides meet each other, which has not been 
done in the demonſtration of this problem. The 
ſame defect occurs in ſeveral other demonſtrations, 


which ſhews the neceſſity of prop. C. B. I. to prove, 


that when a ſtraight line meets another ſtraight. 
line, it ſhall meet every ſtraight * which is * 
lel to it. 

Prop. 12. Problem. «To deſcribe an equilate- 
“e ral and equiangular * about a given 
« gircle.” 


We obſerve the ſame omiſſion in the demonſtra- 
tion of this as of the ſeventh propoſition ; which 
may be ſupplied by joining the points in which any 


two adjacent ſides of the pentagon touch the circle, 
and ſhewing the two interior angles on the ſame 


fide of this line to be leſs than two right angles, as 
was done in prop. 3: of this book. 


Cor. to prop. 13. From hence it is manifeſt, 


that the ſide of the hexagon is equal to the ſemidia- 
meter of the circle, And if we draw through the 


points A, B, C, D, E, F, tangents to the circle, an 
equilateral and equiangular hexagon will be deſcri- 
bed about the circle, as is manifeſt from what has 
been ſaid concerning the pentagon. And fo like- 
wife may a circle be inſcribed and circumſcribed 
about a given hexagon: which was to be done. 


We 
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We find only the former part of this in Campa- 
nus's tranſlation ; and indeed the whole may be re- 
moved, as it would be equally clear without the 

corollary. The ſame may be ſaid of the follow- 
ing obſervations annexed to prop. 16. 


<« If, according to what was ſaid of the pentagon, 
te right lines are drawn through, the diviſions of 
the circle touching it, there will be deſcribed 
“e about the circle an equilateral and equiangular 
& quindecagon. And moreover, from what has 
« been faid concerning the pentagon, a circle may 
< be deſctibed about a given equilateral and equi- 
angular quindecagon.” | 
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BOOK . 


DEFINITIONS. 


EFINIT. 4. Aoyov £xtuy Tg dAAAE, N, 
Tu putytOn, & der T. mNNaAThandouiys dn vTt- 
of Cody 


* Magnitudes are ſaid to have a ratio to each 


« other, when either of them may be ian ſo 


<« as to exceed the other.“ 


The word TWenandouive, * multiplied, ” occurs 
only in this and two other places in the books of 
Euclid upon plane geometry, and I believe in none 
of his other books, excepting thoſe which treat of 
numbers. For to multiply is an operation of arith- 


metic, not of EO” And „— in geo- 
metry, 


Fo 


metry, Euclid always uſes the expreſſion upto 
aoMenrhena let multiples be taken.” For theſe 


and other reaſons which will appear when we exa- 


mine prop. 8. of this book, we may ſuſpect this 
definition and the other paſſages where this word 
occurs to have been corrupted at leaſt, if not to be 
altogether ſpurious, —Def. C. B. I. A magnitude 
is ſaid to be finite, when any other magnitude 
* may be taken ſuch a number of times as to be 
greater than it,” ſupplies the place of this defi- 
nition, which may therefore be entirely expunged. 


The two following are the only definitions in 


this book, which furniſh equations and are refer- 
red to as principles of reaſoning: the reſt are rather 
deſcriptions of certain technical expreſſions, than 
geometrical definitions. = 


Definit. 8. Magnitudes are ſaid to be in the 
« {ame ratio, the firſt to the ſecond and the third 
<* to the fourth, when any equimultiples whatever 
6 of the firſt and third being taken, and any equi- 
„% multiples whatever of the ſecond and fourth, if 
d the multiple of the firſt be greater than that of 
the ſecond the multiple of the third is greater 


< than that of the fourth, if equal, equal, and if 


6 leſs, leſs.” 

Definit. 7. But when of the equimultiples, 
the multiple of the firſt exceeds the multiple of 
<« the ſecond, but the multiple of the third does not 
<< exceed the multiple of the fourth, the firſt is ſaid 
% to have to the ſecond a greater ratio than the 


third to the fourth.” 
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PROPOSITIONS. 


Cor. to prop. 4. From this it is manifeſt, that 
« if four magnitudes be proportionals they ſha] 
< be proportionals alſo when taken inverſely.” 


In moſt editions this corollary is preceded by a 
demonſtration of inverſion : but Campanus has no 
demonſtration of it; and Dr. Gregory obſerves that 
It is not demonſtrated in ſome manulcripts. 


Euclid has ſaid nothing of inverſion in B. VII. 
which teaches the proportions of numbers, and 
which bears a ſtrong analogy to this book. Would 
not Euclid have employed inverſion in the ſecond 
caſe of prop. 7. of this book, viz. Equal magni- 
<« tudes have the ſame ratio to the ſame magnitude, 
and the ſame has the ſame ratio to equal magni- 
<« rudes,” if inverſion had gone before it? The 
application of inverſion to the ſecond caſe of prop. 
9, viz. © Magnitudes, which have the fame ratio 
< to the ſame magnitude, are equal to each ather ; 
c and magnitudes to which the ſame has the ſame 
te ratio are equal to each other,” is too obvious for 
Euclid or any perſon to overlook. The uſe of in- 
verſion in theſe caſes would induce us to place it 
among the propoſitions of this book; but that we 
' ſhould thereby increaſe the number in order to leſſen 
the difficulty of our theorems. Brevity is parti- 
cularly uſeful in the fifth book, where the learner 
will be impatient to Know the uſe of thole general 
theories, which till he ſees their application he 
never thoroughly underſtands. Therefore he will 
do well to pals over all the propoſitions which are 
not Euclid's. He will by this means acquire the 
the doctrine of proportion in an eaſy and rational 
man- 
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manner, and will after readily comprehend or from 
his own judgment demonſtrate many theories not 
expreſſed i in the elements, but which are eaſily de- 

ducible from the We there laid down. 


Prop. 8. Theorem. of unequal magnitudes 
the greater has a greater ratio to the ſame than 
« the leſs has; and the lame magnitude has a grea- 
Ker ratio to the leſs than 1 it has to the greater,” 


Let AB, CB, n= Bogut 8 of which 
AB i is the greater; and let D be any magnitude 
whatever: AB has a greater ratio to CB, than 10 
AB. — Let EF, FG, be taken equimultiples ef AC, 
CB, ſo that the multiple of each of them be grea- 
ter than D; and let H be taken double of D; K 
its triple; and ſo on continually, till the multiple 
of D be chat which firſt becomes greater than FG; 
let L be the multiple of D, which firſt becomes 
greater than FG, and K the multiple of D 2 
is next leſs than L. 


8 becauſe L is the E. 
multiple of D, which firſt be- 
comes greater than FG; K is 13 
not greater than FG; that ifs F 
FT & is not leſs than K. And C 
becauſe EF is the ſame mul- 3 
tiple of AC that GF is of CB; 
F is the ſame multiple of 8 
1 


CB that EG is of AB (prop. 
I. B. V.); wherefore EG and 
FG are equimultiples of AB 
and. CB; and it was ſhewn 
that FG is not lefs than K; 

and, by the conſtruction EF 
is greater than D; therefore 
the whole EG 1s greater than 


wW 


r * 
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K and D taken together, that is than L; and FG 
is not greater than L.. But EG and FG are equi- 
multiples of AB, and CB, and Lis a multiple of 
D; therefore AB has to D a greater ratio than CB 
has to D. (Def. 7. B. V.) EG 


Alſo D has to CB a greater ratio than it has to 
AB. For, the ſame conſtruction being made, it 
may be ſhewn in like manner, that L is greater 
than FG. but that it is not greater than EG : But 


Li is a multiple of D; and FG, EG are equimulti- 


ples of CB, AB; therefore D has to CB a greater 
ratio than it has to AB (def. 7. B. V.) Wherefore, 
* Of unequal magnitudes, &c.“ q. e. d 


The conſtruction of this propoſition both in the 
Greek copies and in our tranſlations is more mi- 
nute than there is any occaſion for. Indeed we 
need not be ſurprized at any error in the Greek 
conſtruction, the author of which was not even ac- 
quainted with the language of Euclid; having ſe- 
veral times employed the word moaanracineutoy 
&* multiplied,” according to our tranſlators, whereas 
we cannot multiply but by a number. After the 
demonſtration of the ſecond part of this propoſiti- 
on is added a demonſtration of a different caſe of 
the firſt part, in which the verb TONATAETIAC ell OC» 
curs ſeveral times. PE 


The above demonſtration of this propoſition is 


taken almoſt word for word from Simſon. 


Prop. 18. Theorem. «]f magnitudes taken ſepa- 
s rately be proportionals, they ſhall be proportionals 


* 


* when taken jointly.” 


. The original demonſtration of compoſition is al- 
lowed to be an imperfect one: and as no good de- 
bt 2 : mon- 
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monſtration of compoſition has ever been ſubſti- 
tuted in its place, perhaps the following, which is 
ſimilar to Euclid's demonſtration of the compoſition 
of numbers, will be the beſt which can be given. 


Let AE be to GB, as CF to FD; | 
I fay AB ſhall be to EB, as CD to A 
FD. . C 

Becauſe AE is to EB as CF to Ex | 
FD, by alternation AE is to CF as N F. 
EB to FD (prop. 16. B. V.), and 
as one of the antecedents is to its 1 _| 
conſequent ſo ſhall all the antece- 31 D 
dents taken together be to all the conſequents (prop. 
12. B. V.) that is, AE, EB, taken together, ſhall 
be to CF, FD, taken together, as EB is to FD: 
And by alternation AB ſhall be to EB, as CD to 
FD. Therefore © If magnitudes taken ſeparately, 
«cc. - 1 


Prop. 13. Theorem. If a whole magnitude be 
eto a whole as a magnitude taken from the firſt to 
„* magnitude taken from the ſecond, the remain- 
der ſhall be to the remainder as the whole to the 
« whole.” | 1 


To this is ſubjoined, in the Greek, the fol- 
lowing corollary; Hence it is manifeſt, that if 
four magnitudes be proportionals, they ſhall alſo 
e be proportionals by converſion.” Clavius, and 
after him Simſon, have demonſtrated this corol- 
lary upon different principles; not obſerving that 
it follows by alternation from the propoſition ; as 
is ſhewn in a demonſtration preceding the corol- 
lary in the original: I ſhall ſay nothing of the 
inaccuracies in that demonſtration, becauſe it will 
be better entirely to omit both it and the corollary 
following it. ee, 3 
Prop. 
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Prop. 20. Theorem. * If there be three mag - 
c 1 and other three which taken two and 
« two have the ſame ratio; if the firſt be greater 


< than the third, the fourth ſhall be greater than 


« the ſixth; if equal, equal; and if leſs, leſs.” 


This theorem is of no other uſe than to aſſiſt in 


the demonſtration of prop. 22. of this book. But 


that propoſition may be demonſtrated in a much 
more conciſe and eaſy manner without it; by which 
ſix demonſtrations may be comprized i in one. 


: Prop. 22. Theorem. © If there be any number 
e of magnitudes and as many others, which taken 
« two and two in order have the ſame ratio, the 
<« firſt ſhall have to the laſt of the firſt magni- 
e tudes the ſame ratio which the firſt of the others 
has to the laſt,” 


5 | 3 
1 D E F 

Let A, B, C be any three magnitudes, and 
D, E, F an equal number, and let A be to B as D 
to E and B to C as E to FP, I ſay A ſhall be to C 
as D to F. 


Becauſe A is to B as Dis to E, by alternation A 
ſhall be to D, as B to E, (prop. 16. B. V.); for 
the ſame reaſon becauſe B is to C as E to F, B 


ſha be to E as C to F: bur ratios that are the: 
| ſame 
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ſame to the ſame ratio are the ſame to one another 
(prop. 11. B. V.); therefore A ſhall be to D as O 
to F; and by alternation, A ſhall be to C, as D 
to F (prop. 16. B. V.) And if the number of 
magnitudes be greater than three, we may proceed 
in the ſame manner with the firſt, third and fourth 
magnitudes, of each ſeries, as with the firſt, ſecond 
and third; and ſo on to any number of magnitudes 
whatever. Therefore “ If there be any number of 
magnitudes, dec. 9g. e. d. 
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DEFINITIONS. 


EF INIT. I. „ Similar rectilineal figures 
« are thoſe which have their ſeveral angles 
* equal, each to each, and the ſides about the 


equal angles proportionals.” 


It does not as yet appear that e figures 
may have their angles equal each to each, and alſo 
the ſides about the equal angles proportionak. This 
definition therefore is not conſiſtent· with that excel - 
lent rule © that a definition ſhould be better known 


fee than the thing defined.” 


bb giving a definition af ſimilar triangles, the 


abovementioned inaccuracy may be very eaſily 
avoided:· 


or: ⏑ ,. Þ 
avoided : the equality of the angles being alone 
ſufficient to conſtitute ſimilar triangles, as is evi- 


dent from prop. 4. of this * Therefore let 
their definition be; 


Similar triangles are thoſe which have their an- 
gles equal each to each. 


But the ſimilitude of rectilineal figures of more 
than three ſides does not depend upon ſo ſimple a 
teſt, Their angles may be equal each to each, and 
yet the ſides about their equal angles not proporti- 
onals. We may however by means of ſimilar 
triangles reduce their definition to the ſame princi- 
ple. The triangle is as it were the proper element 
of other rectilineal figures, it is their common mea- 
ſure; as unit is of all integer numbers: by the tri- 
angle we are enabled to deſcribe a parallelogram 
equal to any rectilineal figure in the firſt book; and 
in the fifth rectilineal figures are conſtructed fimilar 
to other rectilineal figures, and all their properties 
are inveſtigated by dividing them into triangles. 
It will not therefore be improper to employ the 
ſame figure in their definition, as follows; 


Definit. A. Similar rectilineal figures of more than 
three ſides are thoſe which may be divided into an 
equal number of ſimilar triangles, ſimilarly ſituated. 


Some alterations will take place i in prop 18. and 
20. of this book, in conſequence of this definition; 
of which hereafter, 


Definit. 5. Ay #4 Aoywy ovytttouu Ne o? e T 
% THAIKOTHTES he tert Ts rde h aud 0 TV. 


An account of the different interpretations which 


* writers have * upon this definition may 
12 US be 
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be found in Simſon's note upon prop. 23. of this 
book, where likewiſe are offered many argu- 
ments which invalidate its authenticity. This is 

the third paſſage where we meet with the verb 

oO 0er Co. | | 


PROPOSITIONS. 


Cor. to prop. 8. From this it is manifeſt, that 
e jf in a right angled triangle a perpendicular be 
c drawn from the right angle to the baſe, it is a 
<« mean proportional between the ſegments of the 
e baſe, and moreover the ſide adjacent to either of 
e the ſegments of the baſe is a mean proportional 
e between the whole baſe and that ſegment.” - 


In the Greek demonſtration of the propoſition, 
after proving the triangles to be equiangular, it 1s 
expreſsly ſhewn that the perpendicular is a mean 
proportional between the ſegments of the baſe. 
Though the original definition of ſimilar figures re- 
quires, that both their angles ſhould be equal, each 
to each, and the ſides about the equal angles pro- 
portionals ; yet, after prop. 4. which proves that 

equiangular triangles have their ſides about the 

| equal angles proportionals, this minuteneſs is not 
neceſſary. And it 1s not improbable that the au- 
thor had particularly in view prop. 13. of this book, 
which depends upon this property of the right an- 

gled triangle, hereby precluding the occaſion of a, 

corollary. 5 NS 


But, T beheve, both that part of the demonſtra- 
tion and the corollary likewiſe may be omitted 
without any inconvenience. If, in any ſubſequent 
propoſition, particular inferences are made from 
the properties of a right angled triangle contained 
| | In 


ö ä 
in this, is not the demonſtration of that propoſition 
the proper place for deducing them? With little 


alteration prop. 13. may be demonſtrated, in a very 
eaſy manner, WIR theſe preliminary ſteps. 


Prop. 14. and 15. Thann Equal parallelo- 
grams or equal triangles, which have one angle of 
the*'one equal to one angle of the other, have their 
ſides about the equal angles reciprocally proporti- 
onal: And parallclograms or triangles, which 

have one angle of the one equal to one angle of the 
other, and their ſides about the equal angles reci- 
N proportional, are equal to one another. 


Let AB, BC, be equal — and DF B, 
BEG, equal triangles which have the angles at B 
equal, and let the ſides DB, BE, be placed in the 
ſame ſtraight line; FB, BG ſhall allo be in one 
ſtraight line (prop. 14. B. I.) The ſides about «he 
equal angles are reciprocally proportioualh that is, 
DB is to BE, as GB to BF. 


Complete the pa- A | F 


rallelogram FE, and F PRs 
join FE. And be- . 


cauſe the parallelo. 


* — 
gram AB is equal to „ 
BC, and FE is ano- E 


ther parallelogram, 

AB is to FE, as BC — 
to FE (prop. 7. B. V.). But as AB to FE, ſo is 
the baſe DB to BE, and as BC to FE, ſo is the 
baſe GB to BF (prop. 1. B. VI.); therefore as DB 
to BE, f is GB to BF. (prop. 11. B. V.) 


For the ſame reaſons the triangle DBF is to the 
triangle FBE, as GBE is to FBE, and likewiſe their 

baſes DB to BE, as GB to BF. WR = 
ides 
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ſides of the parallelograms AB, BC, and of the 
triangles DBF, GBE, about their equal angles are 
reciprocally proportional. ba a ot 


But let the ſides about the equal angles be re- 
ciprocally proportional, viz. as DB. to BE, fo GB 
to BF; the parallelogram AB is equal to the pa- 
8 BC, and the triangle DBF to the triangle 


Becauſe DB is to BE, as GB to BF; and as DB 
to BE ſo is the parallelogram AB to the parallelo- 
gram FE; and as GB to BF, ſo is the parallelo- 
gram BC to the parallelogram FE (prop. 1. B. VI.), 
A ſhall be to FE, as BC to FE (prop. 11. B. V.); 


wherefore the parallogram AB is equal to the pa- 


rallelogram BC (prop. 9. B. V.); and ſo likewiſe 
is the triangle DBF equal to the triangle GBE, 
which are halves of the equal parallelograms AB, 
BC. Therefore equal parallelograms, or equal 


triangles, &c. q. e. d. 


Theſe two propoſitions, which depend entirely 
upon the ſame principles, will be much ſooner un- 
derſtood thus united than when ſeparate. Euclid 
himſelf has ſet us an example in prop. 1. of this 
book, of thus treating of the parallelogram and 
and triangle where their properties agree. The 
two following propoſitions which depend upon this 
| 3 be comprehended under the ſame demon- 

ration. > 


Prop. 16. and 17. Theorems. If three, or four 
ſtraight lines be proportionals, the rectangle con- 
_ tained by the extremes is equal to the rectangle 
contained by the means, or the ſquare of the mean; 
And, if the rectangle contained by the 

de 


. 


-0'F- nnn 4. 
be equal to the rectangle contained by the means, 
or the ſquare of the mean, the three, or four ſtraight 
lines are proportionalss. „ 


Let AB, CD, E, F, be four ſtraight lines; and 
let AB be to CD, as E to F; the rectangle con- 
tained by AB and F is equal to the rectangle con- 
tained by CD and E. ; | 


E. „„ 
G „ 
A FF CC 


At the point A in the ſtraight line AB, abs 
AG at right angles to AB, and make AG equal to 


F and complete the rectangle FB: Alſo at the 


point C in the ſtraight line CD draw CH at right 


angles to CD; make CH equal to E, and com- 
plete the rectangle HD. Then becauſe AB is to 
CD, as E to F; AB is to CD, as CH to AG 
(prop. 7. B. V.); therefore the ſides about two 


equal angles of the parallelograms GB, HD, are | | 


reciprocally proportional; and therefore the rectan- 
gle GB is equal to the rectangle HD (prop. 14. 
B. VI.): but the rectangle GB is equal to the rect- 
angle contained by AB and F becauſe AG is equal 
to F: alſo becauſe CH is equal to E, the rectangle 
HD i equal to the rectangle contained by CD and 
E. In the ſame manner if AB be to CD, as CD 
to F, it may be proved that the rectangle contain- 

ed by AB and F is equal to the rectangle contained 


by CD and CD that is to the ſquare of CD. There- 
| | fore 


y 
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fore the rectangle contained by the extremes is 
equal to the rectangle contained by the means or to 
the ſquare of the mean. 


And if the rectangle contained by the extremes 
Az and F be equal to the rectangle contained by 
CD and E, AB ſhall be to CD, as E to F. 


For the ſame conſtruction being made, becauſe 
AG is equal to F, the rectangle GB is equal to 
*he rectangle contained by AB and F; alſo becauſe 
H is equal to E the rectangle HD is equal to the 
rectangle contained by CD and E: but by ſuppo- 
ſition, the rectangle contained by AB and F is 
equal to the rectangle contained by CD and E, 
therefore GB is equal to HD; and the angle BAG 
is equal to DCH; wherefore the ſides about tlie 
equal angles are reciprocally proportional, that is, 
AB is to CD as CH to AG (prop. 14. B. VI.); 
but CH and AG are equal to E and F, therefore 
ABistoCDas Eto F (prop. 7. B. V.). 


And if CD be equal to E, the rectangle HD i is 
equal to the ſquare of CD, and therefore in that 
caſe AB is to CD, as CD to F. Therefore if 
three, or four ſtraight lines, &c. g. e. d. 


Prop. A. Theorem. Similar polygons have their 
angles equal, each to each; and the ſides about the 
equal angles propartinnels: | 


Let AGHB, CFED, be Groilar polygons, and 
let them be divided into the ſimilar, and ſimilarly 
ſituated triangles, AGB, CFD; GHB, FED 
(Def. A. B. VI.); the angles BAG, AGH, GB, 
FIBA, in the polygon AGH B are equal to the 
angle DCF, CFE, FED, EDC, in the Nager 
CFED. 1 

| Ine 
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' Becauſe the SPLIT BAG, DCF, are ſimi- 
lar, and ſimilarly ſituated, the angle BAG is 
equal to DCF, and the angle AGB to CFD, 


and alſo SBA to FDC. Alſo becauſe the tri- 


angle GB, is ſimilar and ſimilarly ſituated to 
the triangle FED, it has the angles BGH, 
GHB, HBG, equal to the angles DFE, FED, 
'EDF, each to. ak. And - becauſe the an- 


le AGB is equal to CFD, and the angle BGH to 


FE; the 1 angle AGH 18 equal to CEE: 


alſo becauſe the angle H BG, is equal to EDF, and 


the angle GBA to FDC, the whole angle HBA is 
equal n EDC; and it was before proved that the 
angles BAG, GHB, are equal to the angles DCF, 
FED, each to each; therefore the polygon BAGH 


y 18 equiangular to the Polygon DCF E. 


And the ſides about the equal . in the po- 


lygon BAGH are proportional to the ſides about 


the equal angles in the polygon DCFE ; that is, 
BA is to AG, as DC to CF, and AG to GH, as 


CF to FE, and GH to HB, as FE to ED, And 


HB to BA, as ED to DC. 


"Ip 


For in the ſimilar and Gmilarly * triangles 


BAG, DCF, the ſides about the equal angles are 


proportionals, that is, BA is to AG, as DC to CF; 

and AG is to GB, as CF to FD, and GB is to BA, 

as FD to DC: likewiſe | in the ſimilar and ſimilarly 
K 


ſituated 
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' ſituated triangles BGH, DFE, GB ts to GH, as 
DF is to FE, and it was before proved, that AG 
is to GB as CF to FD, therefore, ex æquali, AG 
is to GH, as CF is to FE (prop. 22. B. V.); alſo 
GH is to HB, as FE to ED; and HB to BG, as 
ED to DF, and it has been proved, that GB is to 
BA, as FD to DC: therefore, ex æquali, HB is 
to BA, as ED to DC: therefore the ſides about 
the equal angles in the polygon BAGH, are pro- 
portional to the ſides about the equal angles in the 
polygon DCFE. Therefore, Similar polygons, &c. 


9. e. d. 


Prop. 18. Problem. Upon a given ftraight 
* line to deſcribe a rectilineal figure, ſimilar and 
* ſimilarly ſituated to a given rectilineal figure.“ 


Let AB be a given ſtraight line, and DEFC a 
given rectilineal figure, it is required to deſcribe 
upon the given ſtraight line AB a rectilineal figure 
_— and ſimilarly ſituated to the rectilineal figure 
DEFC. 8 


E 


x 


Join FD: and at the points A and B in the 
ſtraight line AB make the angles BAG, ABG, 
equal to the angles DCF, CDF; each to eac 

therefore the remaining angle AGB is equal to the 
remaining angle CFD, and the triangle AGB is 
ſimilar to the triangle DGE. Again, at the points 
G and B in the ſtraight line GB make the angles, 
Be e BGH, 
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BGH, GBH equal to the angles DFE, FDE, each 
to each, therefore the remaining angle GHB is 
equal to the remaining angle FED, and the triangle 
GHB is ſimilar to the triangle FED (prop. 4. B. 
VI.): therefore the two triangles BAG, GHB are 
ſimilar, and ſimilarly ſituated to the triangles DCF, 
FED, therefore the rectilineal figure AGHB is ſi- 
milar and ſimilarly ſituated to the rectilineal figure 
CFED, and it is deſcribed upon the given ſtraight 
line AB: which was required to be done. | 


Cor. to prop. 19. From this it is manifeſt 
<« that if three ſtraight lines are proportionals, as 
<< the firſt is to the third, ſo is a triangle deſcribed _ 
<< upon the firſt to a ſimilar and ſimilarly deſcribed 
e triangle upon the ſecond; for it was ſhewn that 
**as AB (the firſt) is to BG (the third), ſo is the 
* triangle upon AB, (the firſt), to the ſimilar tri- 
< angle upon BE (the ſecond). q. e. d.“ 


This corollary only expreſſes, in different words, - 
the ſenſe of the propoſition, viz. © that ſimilar tri- 
e angles have to each other the duplicate ratio of 
their homologous ſides.” 


Prop. 20. Theorem. Similar polygons may 
<« be divided into the ſame number of ſimilar tri- 
angles, having the ſame ratio to each other that 
the polygons have; and the polygons have to 
ce one another the duplicate ratio of that which 
e their homologous ſides have.” | 


That part of this propoſition, which relates to 
dividing ſimilar polygons into the ſame number of 
ſimilar triangles may be omitted, on account of the 
definition of ſimilar polygons abovementioned. » 


bo Cor, 
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Cor. 1. to prop. 20, © In like manner it may 
alſo be proved that four ſided figures are to each 
other in the duplicate ratio of their homologous 
ſides: and it has been already demonſtrated of trian- 
gles : ſo that univerſally ſimilar rectilineal figures 
are to each other in the duplicate ratio of their ho- 
mologous ſides. And if to A and B we take a third 
Proportional C, A has to C the duplicate ratio that 
A has to B, but the polygon has to the polygon, 
and the fourſided figure to the fourſided figure the 
duplicate ratio that the homologous ſide has to the 
homologous ſide, that is, that A has to B. And 
this has been already demonſtrated of 9; 2 


Every reader ſees, that this tedious corollary is 
contained in the pfopoſition ; and that the word 
polygon. is there applied to all rectilineal figures of 
more than three ſides. 


Cor. 2. prop. YE Not net ke Se pee or fdy = 
Tecis ett ayanoyoy wary, foot ws 1» mpPwTY TAs THY TeV, 
roc To am Tis mtwTvs . mfp D amo Tis νE,⁶e ro 
ooo, ne oro eyaypapopiroy. ome th HS. 


“So that i it is alſo manifeſt univerſally, that if 
te three ſtraight lines be proportionals, as the firſt. 


* is to the third, ſo ſhall be any form deſcribed upon 


e the firſt to one fimilar and ſimilarly deſcribed upon 
the ſecond: Which was to be d demonſtrated,” 85 


The hind «dy, ** ſpecies”, according to the La- 
tin tranſlators, is firſt uſed in this corollary. From 
definition 14. B. I. we find that apa © figure” i 


the term which Euclid adopted to |exprefs "Sg | 
ſed ſpace. An argument, founded upon interna! 


evidence of this nature, to prove the additions 
and corruptions, made in any work, carries with 
It great force on all occaſions; ; but it has ſu- 

perior 
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perior weight in a ſyſtem, the original author of 


which limits himſelf by definitions to particular 
terms: And of whom it is ſaid, neque mos ſit 


* Kuclid: et mathematicis, a recepta ſemel forma 
0 dicendi poſt recedere, aut in copia verborum ina- 


e niter ludere” : Savile, Lect. 13. This expreſſion 5 | 


occurs in an unneceſſary quotation of this corollary 


in prop. 2g. of this book, and in a few ſubſequent 


propoſitions; of which in their proper place. Be- 
ſides, the inference made in this corollary does not 


follow from the propoſition ; which treats only of 


reftlineal figures or polygons ; and does not extend 


.to forms, or, more properly ipeaking, figures in 


general, as is aſſerted in the corollary. 


8 


Prop. 27. Theorem. Of all N 


06 applied to the ſame ſtraight line, and deficient 


by parallelogram forms ſimilar, and ſimilarly fi- 
„ tuated to that which is deſcribed upon half of 

„ the line, that which is applied to half of the line, 
* and is ſimilar to its defect, is the greateſt.” 


Prop. 28. Problem, . To a given ftraight line 
* to apply a parallelogram equal to a given rectili- 


«© neal figure, deficient by a parallelogram form, ſi- 


e milareto that which is given. But the given recti- 
lineal. figure to which the parallelogram to be ap- 
« plied is to be equal, muſt not be greater than 
* that applied to half of the line, having its defect 
ce upon the other half ſimilar to the given parallclo- 
Ly gram,” 


Prop. 26: Problem. To a given Qraight ae - 
to apply a parallelogram equal to a given rectilineal 
figure, exceeding by a nn form, ſimilar 
to one given. | 


Wogpct : 


R * ; bead ed 8 2 "x 
» i 
1. 1 3 


18 AN EXAMINATION 


Tacquet and Dechales left the two laſt-mention- 
ed propoſitions out of their editions of - the ele- 
ments: Simſon contends for retaining them on ac- 
count of their utility ; but whether they are en- 
titled to a place in the elements upon that ground, 
I ſhall not pretend to determine. Euclid does not 
ſeem to have thought ſo; as we may almoſt con- 
clude with certainty from the language, that they 
are not his. Not only in the enunciation of them, 
but throughout their demonſtration, the word «Js 
is almoſt every where emplayed inſtead of the geo- 
metrical term . 


Prop. 30. Problem. T., S eteνο i- eV "ey 
| y aKoon Kell POO Avoyoy t Ae. 


To cut a terminated ſtraight line proplſed i in 
<* extreme and mean ratio.” 


_”_ find the word viele inſtead of Mee in all 
the Greek copies; which is interpreted as above, 
by Campanus and Tartalea. 


In the firſt demonſtration of this propoſition, 
which depends upon prop. 20, the word «Ig oc- 
curs, and in the concluſion of the demonſtration, 
ome th AS,, which was to be demonſtrated,” is 
employed inſtead of, ome :, a which was 
<* to be done”; with which Euclid concludes all 
his problems. The ſecond demonſtration of it 

which refers to prop. 11. B. II. is very accurate; 

and indeed this problem is ſolved ſo eaſily from that 
propoſition, that any reader would make it out 
without a demonſtration. | 


Prop. 31. Theorem. In right angled triangles, 


<* the form upon the — ſubtending the — * 
| ce g e 


or BUucrli dsds? 
20 gle, is equal to the ſimilar and ſimilarly deſcrib'd 
« forms upon the ſides containing the right angle.” 


| 1 this propoſition the word ad is uſed 
inſtead of % td ee. But the propoſition is 
ſuperfluous, for it is evident that all ſimilar rectili- 
neal figures, deſcribed upon any ſtraight lines, are 
to each other in the ſame proportion as any other 
fimilar and ſimilarly deſcribed rectilineal figures, 
upon the ſame ſtraight lines : but the ſquare of the 
hypatenuſe is equal to the ſquares of the ſides con- 
taining a right angle; therefore any other rectili- 
neal figure, deſcribed upon the hypotenuſe, is 
equal to the ſimilar and ſimilarly deſcribed figures 
upon the ſides containing the right angle. 


F- 


— Prop. 27.—31. incluſively, are not only inaccu- 
rate in themſelves, as I have obſerved, but they 
alſo interrupt the chain of reaſoning. There is an 
obvious connection between prop. 26. and prop. 
32. as has been obſerved by Simſon and other geo- 
metricians. Therefore if theſe propoſitions ſhould - 
remain in the elements, they ſhould be placed like 
other unconnected propoſitions at the end of the 

book. 8 | | | 
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